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A Proofs for Main Theoretical Results

A.1 Proof of Theorem I

The proof of Theorem [I]uses the following lemmata.

Lemma 1. A column-stochastic matrix P € RYV*P with nonnegative rank X < min{V, D} admits an anchor-
word factorization if and only if the following two conditions are met. First, there exists a nonnegative matrix
C of dimension V x V such that

Cme — prow (32)

Second, there exists a row permutation matrix 11 of dimension V such that

- I 0 -
nmen™ =X 7| mM>o, (33)
M 0

where M € RYV=KIXK hag rows different from zero.

Proof of Lemmal(l} First we show that if P admits an anchor-word factorization then Equations (32)) and (33)
are satisfied (this is the “ = ” side of the Lemma). The details are as follows. First, if the column-stochastic

RVXD

matrix P € with known nonnegative rank K has an anchor-word factorization, then there exist column-

stochastic matrices (Ag, Wy) such that
P =AgWo, Ag € RV Wy e RKXP | and

D
TMAg = )
M

for some diagonal D € ]R_‘iXK’ M e RELV_K] x K
are all different to the vector 01 k., the row sum of MW, is positive for all its rows, and so are the row sums
of WO .

Define M as the matrix

, and some row permutation matrix I1. Because the rows of P

M= (Rmw,)  MRw,, (34)

where Ry, is the diagonal matrix containing the row sums of Wy and Ra1wy, is the diagonal matrix containing
the row sums of MW, (note that the inverse of Ry, is well defined because the row sums of MW, are strictly
positive).
Define
Ix O

C -
M 0

)

where M is defined in Equation (34). Algebra shows that

Ix O
CTTP™Y — ]\l/([ . i ((R#P) (by definition of P™V)



Ixk O
= l\~]/<l 0 Rﬁ]l,ﬂP (since ﬂR;lP = ﬂllf”lpﬂP)
HK —1 . . .
= 1 RplTAW, (since P has an anchor-word factorization)
Ix O D
= | - Rk W. since Ag has anchor words
M 0 TP M 0 ( 0 )
. D
Since TTIP = TTAW, = M W, then
RpR 0
Rip = |~ 00
0 :RMWO
Consequently,
[ 1 [p-1p-1
CTIPY ]Il< 0 fRWOJQD 0 D Wo
Moo 0 Roiwe | [M
Ix O Ry
— | X 71W° Wo (where we have used the fact that Rp = D)
_M 0_ iRMWOM
[ 51
_ RWOWO
—1
_MiRWOWO
Ry Wo i, -
= o 4 (where we have used the definition of M)
(Rmw,) MW
) row
D . —1 —1
= M W, (smce(ﬂ%DWo) DW, = RW0W0>
= (ITP)™" = TTP™", (since M5 1P = Ry;b1TP)

Thus, we have showed that if P has the anchor-word factorization then there exists M and TT such that
~ ~ Ix O
CPov = Pov where C=T1T [ [ TI.
M 0
Now we show that if Equations (32) and are satisfied, then P has an anchor-word factorization (this
is the “ <= ” part of the Lemma). Suppose there exists M > 0 (with rows different from zero) and a row

permutation matrix I'T such that

) 5 Ix 0
CPoY — PV and TICTT! = | X . (35)
M 0

We show that P has an anchor-word factorization (and we give an explicit formula for the factors).



Since TTTTT equals the identity matrix of dimension V, Equation implies that
TTITICTTI TP = R, 1P,

If we left-multiply the equation above by Rp and use the definition of C in Equation (33), we obtain the

expression

RpTTT T O) rprow _ p.
M 0

Left multiply this equation by TT'TT. Since TTRpTT" = Ryyp we get

Iy 0
T Rerp 1\; . R LTIP =P (36)

where we have used that TTP™Y = Rﬁllgm’.

P - ~
Partition TTP as | . | where P;is K x D and Py is (V — K) x D. From Equation we have

P2
L N Rp, 0 P
0 Rp, | [M O] | 0 R |P
- _93151 0 _HffRil 01 [Py
|0 Rp,| [MR;] 0] [P
o o] [m
Rp,MR5! 0 | Py
e P,.
Rp, MRS

Ik

.
Rp, MR

Let D* be the diagonal K x K matrix containing the column sums of the nonnegative matrix

Note then that we can define

I _
Ag = R MKﬂa*l D* ' S RVXK,
]52 ]51

A =TT A,
Wg = D*lsl S RKXD,
and, by construction,
P=AWE =TIT AW,

Note that Ajj is simply a row permutation of Ag and that Ag is a column-stochastic matrix that has the form



, where D is a diagonal matrix and M has all of its rows different from zero. We just need to show that

W{ is column stochastic. The matrix W{ is clearly nonnegative, so we just need to show that 1, W = 1p
where 1x and 1p are the column vector of ones of dimension K and D respectively. But this follows simply
because TIP is column stochastic and 1p = lir,ﬂP = 1€A0W§ = IIWS. Thus, we have found an anchor-

word factorization for the matrix P using the factors Aj and W;. O

Lemma 2. A column-stochastic matrix P € RY*P with nonnegative rank K < min{V, D} admits a rank K

anchor-word factorization—in the sense of Definition [2}—if and only if
ex(P) = e n{ceRV<V cpm =Pl 24, (37)

where
A(P)={CeRVV | C=>0,

Cprow — prow
tr(C) =K, (38)
cjj €{0,1}, forallj=1,...,V,
cij < ¢jj, foralli,j=1,...,V}

Proof of Lemma 2] By definition, the set Cx (P) in Equation can be written as

OP)={CeRV*Y | C=>0,
CProY = prov
tr (C) =K, (39
cj; €1{0,1}, forallj =1,...,V,
cij < ¢y, foralli,j=1,...,V}

First we show that if the set (?(])( (P) is nonempty, then P has an anchor-word factorization (this is the «“ <= ”
part of the Lemma). Suppose C* is an element of (‘3?< (P). Note that, by definition C* has K diagonal elements
equal to 1 and V — K elements equal to zero. Let J* C {1, ..., V} be the indexes j for which C]?} =1 and let C;".
denote the j row of C*.

Let 1y and 1p denote the column vector of ones of dimension V x 1 and D x 1 respectively. Because

P™1p = 1y due to the row normalization, then C* is row normalized. This follows from:

CPV = PV — C*P™1p = P™1p = C*1ly =1v.

Consequently, because C > 0, forany j € J*, C;‘. is the jth row of the identity matrix of dimension V, denoted
Iv.

For any | € {1,..., V}\ J* we also have that the j' column of C*, denoted Cﬁj equals zero. This follows
because 0 < Ci‘j < CJ?‘)- (by definition of the choice set of j) and C;‘j =0VYj € {1,..., V}\ J*. This means that

C* has V — K columns equal to zero.

Ix O ~
Note then that there exists a permuation matrix IT such that TT*C T = I\l/(l 0 where M > 0. Lemma

then shows that P has an anchor-word factorization.



Now we show that if P has the anchor-word factorization then 810< (P) # 0 (this is the “ = ” part of the
Theorem). Suppose P has an anchor-word factorization. By Lemma(I] this implies there exists a nonnegative

matrix C such that
CProw _ Prow (40)

and a permutation matrix IT of dimension V such that

ment = | 0 , M eRVTKIXK
M 0

with rows different from zero. Let Tr(-) denote the trace operator. Note that Tr (é) = K since Tr (é) =

Tr (CTITTI>. Note also that the diagonal elements of C are either {0, 1} since
T T A TT
e. Ce; =e; Ce; =e, Il - ITe;,
) ) ) ) ) M 0 )
which equals 0 or 1 depending on the column selected by TT,;.
Finally, we show that Cij < Cj j Vi, j. To see this, note first that implies
CﬂTﬂPrOW — prow
which in turn implies

B O pyprow  prprow,

Thus, the elements of M are at most one. Note that

- - Ik 0
C,Lj:eiTCe,-:eiTﬂT o ITe;.

If TTe; = Tl,; selects a “zero” column of ﬂCﬂT, then clearly Cij < éjj Vi If T, selects a non-zero column

of C, then Cij < éj j Vi, since M has elements bounded above by one. O

Definition 4. Given a set S C RE, we denote conv(S) as the convex hull of S that is, the set of all points
that can be obtained by taking convex combinations of points in S. Additionally, we let convDim(S) denote the

convex dimension of S that is, the size of the smallest subset T C S such that conv(T) = conv(S).

Lemma 3. Assume P € ]RXXD is a column-stochastic matrix with nonnegative rank KX < min{V, D}. If
ki = fe ¥ e -} o
where G% is defined as Lemma then convDim({(Pf:V)T’ e (P((/th;)'r}) S K

Proof. We establish the contrapositive; namely, that if convDim({(Pf‘.")T, e (P{‘/’W.)T}) > K, then GOK(P) #+
0.



Since convDim(P{?%, ..., PUY) < K, we know that there exist K vectors in {(Prl‘j‘.’v)—'—7 R (PQ‘}?’V.)T} such that

all other vectors can be written as a convex combination of them. Let these vectors be (PE‘C’K.)T, ey (PL‘ZK.}T,
where &7 < ... < o is a subset of {1, ..., V}. By definition of convex combination, for any j < K, P]YOZV =

Y & §iPRY, with 0 <ji < land Y[ ji = 1.

We now construct a C € G%(P). For i € {o,...,ax}, let Cy3 = 1 and for j # i, Ci; = 0. For
i,j & {1, ..., ax}, set Ci5 = 0. Finally, for i ¢ {a1,...,ax}and j € {1, ..., ax}, Cij = j1. By construction,
CP:PandCEG?(. ]

Proof of Theorem I} In light of Lemma[2] it suffices to show that
CY(P) #0 < Cx(P)#0. (42)
The “ = ” part of Equation ({2) follows directly from the relation
Ck(P) C Ck(P).

To establish the “ <= " part of Equation (42)) we use the contrapositive; namely, that

CY(P)=0 = Cx(P)=0. (43)

By Lemma 3, C%(P) = 0 implies that L = convDim(P™%) > K. It is thus sufficient to show that for any
C € RVXV satisfying

C = Oa CP™" = Prowa Cii < 17 Cji < Cii, la) = 17 s 7V> (44)

we must have tr(C) > L; thus implying that Cx (P) is empty.
Define a loner of a row-normalized matrix as a row r which is not a convex combination of at least two

rows, 1/, 7", with 1 # 1/ and r # 1"/ By Definition 4| there exists L > K different vectors in RP:

P1,---, PL,s
such that Py = {p1,...,pr} is the smallest subset of P = {(Pf‘.”)—r, . (P{‘}“‘)T} C RE for which we have
conv(Pp) = conv(P). Note that the loners in P*V—after being transposed to become elements of RP—must

contain the set {p1, ..., pr} (since, by definition, each of the elements of Py correspond to transposed loners of
PI‘OW).

Consider the correspondence f that maps each of the elements p; € P to subsets of P according to

f(p1) pePlpr=p}

= {(P{?‘,’V)T ePlpL= (P{‘j‘.”)T, for some 1 <i< V%

Thus, f(p1) collects all the elements of P that are equal to py. Note that the correspondence is nonempty,
as it satisfies py € f(py) for every 1 = 1,...,L. Note also that for any 1,1” € {1,...,L}, 1 # 1’ we have

f(p1) Nf(pr) = 0.



Foreachl=1,...L, let (1) denote a row of the matrix P™" for which

pr=(Pi).e) "

)

For any C satisfying (44)) we must have that forevery 1l =1,...,L
Cr,eP™ =P =PI (45)
Since the tranpose of p; is a loner of P*%, then
crii #0 <= (PRY)" € f(p1).

This means that the only rows of P™% that can be used to express py are the elements of f(py). Since all the

elements of f(py) equal py, then

Cr(1),eP™" = Cruyi | Pr- (46)
{iler(),: 20}

Equations (5] and (#6) imply

D Ga=L

{iler(),1 70}

Noting that for any C satisfying (4] we have c;; < cij, then:

1= Y  cuis< ) cii= > Cii-

{ilerq), 170} {ilerq), 170} {i\(P{??)TEf(PL)}

To conclude the proof simply note that because the elements of C are nonnegative

L
Z cii | =L

Vv
tr(C) = Z Cjj =
j=1 LA{(PE) Tef(pu)}

1

This implies that any C satisfying (@4) must have tr(C) > L > K, implying C (P) = (). This establishes (43).
O

A.2 Verification of the high-level assumption in Theorem 2,

e Term i) The characterization result in Theoremreadily implies that the term in 1) is strictly positive for any
pair (A, W) for which the product AW does not admit an anchor-word factorization. This follows by Remark
4 and the fact that the “inf” is attained (which we established in Appendix [B.2). Thus, we can write the term in
i) as a scalar f(V, D, K, AW) > 0. We note this term does not depend on the size of the documents.

e Term ii) The term ii) depends explicitly on the estimation error

POV _ (AW)™V, 47



The submultiplicativity of Frobenius norm implies that the term in ii) is bounded above by

C*(V,K) - [P™ — (AW)™]|,  where C*(V,K) = sup [(C—Tv)|. (48)
Cely
Since the space Cy is compact (see Appendix [B.2), C*(V,K) is finite. Thus, the term in ii) will be small if
Prov is close to (AW)™Y with high probability.
e Term ii) Finally Lemma in Appendix shows that

qT—cx(Va D7 K7ND) < C*(V, K) ' Eﬁ—om (49)

where q7_, is the “worst-case” 1 — « quantile of the random variable ||/P5r°W — (AW)™¥|| when (A, W) € ©y.
In the remaining part of this subsection we show that under minimal regularity conditions on the parameter
space © one can guarantee that ||/15r°w — (AW)™¥|| is small with high probability—and consequently that
both {@8) and (@9)are small—regardless of whether the parameters (A, W) belong to @ or ©;. An important
implication of the results in this section is that the plausibility of the high-level assumption in (26) depends
crucially on the estimator PrY ysed to implement the test.
We will need some additional notation. Given the true parameters of the model, (A, W), we define the v-th

row sum of the population term-document frequency matrix as

D
Pv(A,W) = Z p\)d)
d=1

where pyq is the (v, d)-entry of P = AW. Note that p,, is used to row-normalize the matrix P. As defined
before, let N i, to be smallest document size; that is, the minimum of {N, ..., Np} and suppose that || - || is
the Frobenius norm.

Let /ﬁfreq the V x D matrix with (v, d)-entry given by n,4/Ngq. Let /P\?gfl the row-normalized version of
this estimator. In Appendix we establish the following proposition:

Proposition 2. Fix an arbitraryy € (0,1). For any (A, W) such that p,,(A,W)/D > v/V for all v:

) 8 (1 — %) V2
[Plreq — (AW)™Y]| < Ry(€) = Y2-e Ny D’ oY

with probability at least 1 — €.

Thus, the estimator that row-normalizes that empirical frequencies is expected to have a small estimation
error, ||/l5rOW — (AW)r¥||, with high probability provided

V2
N min ° D

is small. We next use Proposition (2)) to show that the high-level condition in Theorem [2| will be verified when

Nin 1s large.

Corollary 1. Fix an arbitrary vy € (0,1). Let © consist of all matrices (A, W) for which p,(A,W)/D >



v/V for all v.P_-I Then for any parameter value (A, W) € ©q for which P = AW does not have an anchor-
word factorization we have that, for fixed (V,X, D), the probability in 26) converges to one, as Ny — 0.

Moreover,
Eaw)ldo* (V)] — 1,

as N,in — oo.

Proof. Equations (@8)) and (@9) imply that the probability in (26)) is bounded below by

i) (dnf (€~ B JAW)™ | > C*(V,KIGT o(V.D.KNo) + € (V. K) - [Py — (AW)™] ).

Proposition [2|readily implies that

Thus, the probability in (26)) can be further bounded below by the probability of the event
Ei = {Cin£ [|(C —Iv)(AW)Y|| > C*(V,K) [Ry () + Hﬁ;fgg — (AW)“)WH} } .
€Ck

The term

inf ||[(C—1Iyv)(AW)™Y
Celx

does not depend on Np. Moreover, Remark 4 after Theorem 1|implies that for any AW that does not admit an

anchor-word factorization we have

inf ||(C—1Tv)(AW)™Y] > 0.
CeCk

The definition of the function R, (-) then implies that for any € > 0 there exists N large enough such that
Npin > N¢ implies

Clélfk [(C = Iv)(AW)™Y|| > C*(V,K) [Ry(a) + Ry (€)] . (51)

Then, whenever Ny, > N, Equation (51) implies that event

e = { P — (AW)™|| < Ry(e)}

is a subset of Eq, as whenever event E. occurs we have

Jnf (€= I)AW)™ | > C*(V.K) [Ry () + Ry (e)] > C*(V. K] [Ry (@) + PR — (AW

Since, by definition of Ry (e) we have
Paw)(Ee) > 1—c¢,

we conclude that the probability in (26)) converges to 1 as Ny, — oco. The last statement in the corollary
follows because E (A w[d*(Y)] is lower bounded by (26).
O

!'This rules out words in the vocabulary that occur extremely infrequently.



A.3 Critical values based on the parametric bootstrap

For any matrix A, we use vec(A) to denote the vectorization of A. Define Ry, as the V x D diagonal matrix

with elements (\/N Tyevos VN p) and let FND v.p.p denote the distribution of the random vector
vee (R, (Piy = P™)) (52)

The distribution Fy_ y  p is indexed by P since the distribution of (52) assumes that the matrix P generated
the text data. We remind the reader that the superindex “row” denotes row normalization.

Let ;‘\\0 and W() denote estimators of the parameters (A, W) under the anchor-words assumption. As we
have done throughout the paper, let ﬁo = KOWO denote the plug-in estimator for the population term-document

frequency matrix based on Ko and \//\/\0. Define Y as the random vector with distribution
Y* ~ Multinomial (N 4 (ﬁo).,d) , (53)

and assume that the columns of the matrix Y* = (Y7, ..., Y[;) are generated independently according (53).
Let ﬁ;*req denote the frequency count associated to Y*. That is, ﬁ;‘mq is the V x D matrix with d-th column

given by Y7 /Ng4 and let /F\ND .v,p denote the distribution of the random vector

vee (R, ((Preg)™ = P5™)) | (54)

conditional on ﬁo.

To define bootstrap consistency (which involves the asymptotic behavior of conditional distributions) we
use the bounded Lipschitz metric, see p. 394 of |Dudley| (2002), and also Chapter 2.2.3 and Chapter 10 in
Kosorok! (2007). For any Borel distributions P and Q over a euclidean space R® (with s > 1) define

Bs (P,Q) = sup |Ep[f(X)] —Eglf(X)]
fEBL(s)

) (55)

where BL, (s) is the space of functions f : R® — R such that a) sup, |f(x)| < oo and [f(x) — f(y)| < [[x —y]|.

We make the following high-level assumptions:

Assumption 1-Bootstrap: For any (Ag, Wy) € ©q

~

Bv-p (FNDN,DJ\OWO ) FNDN,D) —0

in Pg = AgW,-probability, as N, — oo.

Assumption 1-Bootstrap (henceforth, A1-B) simply states that the bootstrap “consistenly estimates” the
distribution of the properly scaled, row-normalized frequency counts. While it is possible to establish Assump-
tion A1-B under more primitive conditions, we use the high-level condition to simplify the exposition of our
results. We think that stating a high-level assumption allows for a better understanding of the conditions that

are needed to ensure the validity of our suggested bootstrap procedure.

10



Assumption 2-Boostrap: Let M is a VD x VD random matrix such that for some matrix M
IM—Mllr —0

in Pg = AgWj-probability, as N, — oco. Then, for any € > 0

Prof v (‘HMXHF - HMXHF‘ > €> 0 (56)

in Pg = AgW,-probability, as N, — oo.

Assumption 2-Bootstrap (henceforth, A2-B) simply states that if M and M are close to each other in
Po-probability, then the conditional laws of |[MX|[F and ||MX|f—where X has distribution fﬁDMD—are
also close to each other in Py-probability. If the distribution of X were not indexed by both the data and the
sample size, then Assumption 2-B would be a direct consequence of the Continuous Mapping Theorem; e.g.,
Proposition 10.7 in|Kosorok! (2007), after verifying that X is bounded in probability. Since in our case X is the
bootstrapped distribution of the properly-scaled, row normalized frequency counts, verifying Assumption 2-B
directly requires verifying stronger assumptionsE]

We now use assumptions Al-B and A2-B to establish the consistency of our bootstrap strategy. Let

Gﬁo V.D.Po denote the distribution of the scalar

VNinin - [[(Cpy — Iv) (Pioss — PE™)]IF, (57)

assuming that the data was generated by a matrix Py that satisfies the anchor-words assumption, and that Cp,
is the matrix that satisfies
1CpoP5™ — P5™ || = 0.

Such a matrix exists by Theorem T}

Let éﬁD v.p denote the distribution of the scalar

VNain - [1(C, = Tv) (Peg)™ = PE™) [, (58)

conditional on Py.

For example, one could check whether the expectation under the bootstrap distribution of the random variable X is bounded in
Po-probability or Pp-almost surely. By Markov’s inequality, (54) is bounded above by

1 —
<Exigy o (XIF [F=M]

If the sequence of random variables Exﬁw . [HX||F] is tight (when the data is generated by Pg), then Assumption 2-B follows.
DLV,

Alternatively, we could impose a tightness—like' assumption not on the sequence of expectations, but on the collection of conditional
distributions of X: assume for any Axmin — 00 as Nmin — oo,

PXN?WDN,D (HXHF > ?\Nmm) — 0
in Py probability. Then the left-hand side of (54) is bounded above by

Pyt o (IXIF > e/IM=M]r).

11



Theorem 3. Suppose that Assumptions 1-B and 2-B hold and that
Clgo —Cp, — 0

in Pg = AgWy-probability. Then, for any (Ag, Wy) € ©Og

~

B (Grpvp Agwy » Orpvp) =0

in PO = AOWO-probability, as Nmin — OQ.

Proof. Broadly speaking, the proof is based on an application of a (Lipschitz) continuous mapping theorem;
c.f., Proposition 10.7 in Kosorok (2007). In essence, we use the Lipschitz continuity of || - || and Assumptions
1-B and 2-B to show that the law of and the (conditional) law of are close to each other—with high
probability—in terms of the Bounded Lipschitz metric. We establish this proof in three steps.

STEP 1: We first establish two Lipschitz continuity properties of || - ||r that will be used in the proof. Note first
that for any matrix M the mapping
x € RY — ||[Mx||r

is Lipschitz continuous with constant ||M||:

IMx[[r = [[Myl[r = [IM(x—y) + Myllr — [Myl|r
< IMx—y)llr
< [IMIIFlx = yllF

An analogous argument shows that for any x € R the mapping
M e RV*V s |[Mx|r

is Lipschitz continuous with Lipschitz constant ||x||.

STEP 2: Let GWD v.p denote the distribution of the scalar
VNamin « [[(Cpy = Iv) (P )™ — PE™) I, (59)

conditional on Py. The conditional distribution of (39) differs from (58) in that the former uses Cp, as opposed
to Cﬁo'
Since the scaling matrix Ry is invertible (for it is a diagonal matrix with strictly positive diagonal ele-
ments), then
VNiin - [[(Cry = Iv) PRy — P ¥ = [IM,, by R, (P — PE™) I
where MWD,PO = (Cp, —1v) (\/NmmR%L ). Moreover, because the Frobenius norm of a matrix is the same as

the Frobenius norm of its vectorization, then

~

N R PR = Pl = M, v (Re, (P —PE)

)

F

12



where MWDJ’O = (]ID ® MWD,P0>' Therefore,

B1 (GND,V,D,AOWU ) Gﬁn,v,D>

equals

sup

[F([[ Mg, poXIIF)]| -
feBL1(1)

EX”FWD,V,D,AOWO [f( HMWD,PUXHF)] —E

X“FWD,V,D

By Step 1 the function ||[Mgy_ p X]| is Lipschitz with constant [My; p X||r. Therefore, if we use BL(s)
to denote the space of Lipschitz functions f : R® — R such that a) sup, g2 [f(x)| < oo and b) [f(x) — f(y)| <
c|lx — y|| then

B1 (GND,V,D,AOW0 ) éﬁD,v,D>
is smaller than or equal to
gy, P vy X FRpvD Ao [F(X)] — Ex v [FX]]
Psoopol
which equals
HMWD,PO F Bv.p (FWD,V,D,AOWO ) /F\WD,V,D> :

Since, by definition
MNPy = <]ID ® (Cp, — HV)(\/NminRi;)>

and the diagonal elements of (\/NminR%L) equal v/Nmin/Ng < 1, then HMWD,PO |IF is a bounded sequence

as Npin — 0o. From Assumption 1-B, we conclude that

B1 (GND,V,D,AOW0 ) GWD,V,D) — 0
in Pg = AgW, probability.

STEP 3: To finish the proof it suffices to show that

Bl (GNDA/,D ) GND,V,D> - 0

in Pg = AgW), probability.

By definition
B1 (GND,V,D ) GND,V,D)
equals
up B Py voo TUMp p XIF) = Ex g TFIM, p XIE)T]
where

—

My, = (Ip ® (Cp, = Iv) (VNminRgL))

13



and M is defined as in Step 2. For any f € BL;(1), write

Bty M X1~ By, X1

X“FWD,V,D X“FND,V,D

as

9

By, o (1M, XI) — (1, 5, X1

which is bounded above by

E

XNFWD,V,D

“(f(uMND,pOXHF) (0¥ , XI) 1 { 1My, Xl [N X > }] . (60)
plus

E “(f(llMND,pOX!F) _f(||MND,POXHF)>' 1 {’HMND,POXHF - HMWD,POXHF‘ < 6}] , (61)

X”FWD ,V,D

for any € > 0. Note that in the expectations above M is non-random, since we are conditioning on /150. The
term (60) is bounded above by

2 ) EXN?WD,V,D [1 {‘HMND,POXHF - ||MND,P0XHF’ > e}] .

Since f € BL;(s), the term is bounded above by

b | [, [, 1 {0 i, ] <}

Consequently, the term (61) is bounded above by €.
To finish the proof, note that since Clgo converges to Cp, in Pg = AgW) probability, then

—0
F

HMWD,PO o MND:PO

in Pg = AogW, probability. Assumption 2-B then implies

AR [1 { M 2, Xl = [, 5, Xl | > }] 0

in Py = AoW,y-probability.

From Steps 1,2, and 3 we conclude that since

~

b1 (GWD7V7D7A0W0 ’ GWD:V7D> < B (GWvayD»AOWO ’ GND7V7D> + B (GWD,V,D ’ GND7V7D> ’

then

14



~

B (GWD,v,D,Aowo ) Gﬁo,v,D> — 0.

O
A.4 Proof of Remark 4
Claim: Let || - || be an arbitrary matrix norm. For any column-stochastic matrix P of nonnegative rank K we
have
ex(P) = €x N {C e RV*V cpo —povl ¢

if and only if

min ||CP™Y —P™¥|| =0.

Celx
Proof. We first show the “ = ” direction. Since Ck (P) # (), then there exists C* € Cx such that C*P™Y =
P™Y. Since

0< C.élé.K HCProw . ProwH < HC*Prow . ProwH =0,
then
Cél(gK ||CPrOW _ PFOWH — ||C*PrOW _ PrOWH — 0

Thus, the infimum is attained and

min ||CP™Y — P™¥|| = 0.

CelCx
For the “ <= ” we note that if

min ||CP™Y —P™¥|| =0,

Celx
then, by definition, there exists C* € Ck such that

||C*PrOW _ PI‘OWH — O

But since || - || is a norm, this implies C*P™" — P™% = (. O

15



B Supplementary Theoretical Results

B.1 Proof of Remark 5

Let P, Q be column-stochastic matrices of dimension V x D. Define the total-variation distance between P and
Qas
(D
IP=Qllrv =35 > > Ipva—dval
v=1d=1
This extends the typical definition of the total-variation distance for discrete distributions; see p. 48, Proposi-
tion 4.2 in|Levin & Peres| (2017).

Claim: Suppose that P is a column-stochastic matrix of nonnegative rank K < min{V, D} that a) does not

admit an anchor-word factorization in the sense of Definition [2] and b) there exists some € > 0

D

pVEZpV,d>€7 Vv=1,...,V.
d=1

Then, there is no sequence of matrices {P; }icn for which Py = A;W;, (A, W;) € ©p and ||P — Pi||tv — 0.

Proof. We establish this result by contradiction. Suppose there is a sequence {P; }icy for which Py = A;W;,
(Ai,W;) € g and ||P — Pi|[tv — 0. Theorem|[I] shows that for each i € N, there exists a matrix C; € Cx
such that
C. Plow — prow
i =R

Let || - || denote the Frobenius norm. For any C; satisfyng CP; = P; we have
||C1PrOW _ PrOW|| — ||C1PTOW _ C1P£OW + CALP{OW _ P{OW + PiOW o PrOW”’
<GP = PP+ [[CLPE™ — PP+ [P — PV,
= Ca(P™ — PPV PP — P,
< (G + 1) - [P — PP
Consequently,
inf [[CP™ — P[] < (||Cif| +1) - [[PF™ — P (62)
Celx

for every 1 € N. Because Ck is bounded (as the matrices C € Cy have elements in [0, 1]), then the sequence

{||Ci|I}ien is bounded. Moreover,

D V
”Prow o PEOW” _ Z Z pijov(xi _ rowV d))2

d=1v=1
D V
Z Z |prow piowv a) )|
d=1 1
2 vv Pv.d  Pi(v,d)
_ ZZ Pv,a  Pi(v,

d=iv=1 Pv Piv

N

I
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where p,, and pj, represent the row sums of P and Pj, respectively. Since

Pud M’ _ |Pva _Piva) n Pi,(vid)  Pi,(v,d)
oy Piv Py Pv Pv Piv I
then
D VvV 4
||PrOW _ PiOWH < Z Z - |p\)7d - pi,(Vad)|
d—1v=1 PV

Since ||P; — P||tv — 0 implies that [p; (y q) — Pv,al = Oforallv=1,...,Vandd = 1,...,D then
HPI'OW _ PiOWH — (:)7

and, because of (62)

inf ||[CP™Y —P™¥| =0.
Celx

This implies, by Theorem I]that P admits an anchor-word factorization. A contradition.

B.2 Proof that infcce, ||[CP™ — P™V|| is always attained

Claim: Let || - || denote the Frobenius norm. For any column-stochastic, row normalized matrix P™Y,

nf [[CP™ — P = min [[CP — P,
Proof. We want to show the minimum of ||CP™" — P™V|| is attainable in Cx when the norm is Frobenius. By
the extreme value theorem—e.g., Munkres| (2000) Theorem 27.4 on page 174—it is sufficient to show function
fp(C) = ||CP™Y — P™"|| is continuous in C over Cx and that Cx is compact. For the rest of the proof, we
work with the topology induced by the Euclidean metric in RVQ, and the topology over RY*V induced by the
Frobenius norm.

First, we show that fp(C) is continuous. For any € > 0, there exists & = ¢/||P™"|| such that if || C—Cyl| < 6,
then

[|CPEY = PE¥ | = [|CoP™ — PPV < [[CP™Y — CoP™[| < [|C = Co - [P™Y]| < e.

The first inequality holds due to the reverse triangle inequality and the second inequality comes from the
submultiplicativity of the Frobenius norm; see [Horn & Johnson| (2012) page 340.
Second, we show that the set Cx is compact. It is sufficient to show Cg is closed since it is a subset

1¥xK: see Munkres| (2000) Theorem 26.2 on page 165. For the compactness of the

of a compact space [0, 1
space [0, 1]%*K we rely on facts that the space [0, 1% is compact and the image of a compact space under a
continuous map is compact—see, for example, Munkres| (2000) Theorem 26.5 on page 166—where we depend
on the continuous bijection hy; (C) = év(i,l)ﬂ for any C € [0, 17K,

For a sequence {C;, € CkJnexv that converges, we want to show its limit C is in Cx. Notice the ma-
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trix converges in the Frobenius norm is equivalent to entry-wise convergences in absolute values. That is, if
limn Cn = C, for any ¢ > 0, there exists N such that if n > N, [Cy, ;5 — Ci5] < |IC — C|| < e
Also, if limy 0, Cp 35 = Cyj for all i and j, for any €/V > 0, there exists {Ny;} such that if n > sup{Ny;},
[[Ch — CJ| \/\W%)2 = ¢. The last inequality is from the definition of the Frobenius norm.

Finally, by the definition of the convergence, the diagonal elements are bounded by O and 1, and the off-
diagonal elements also share the same bounds because if Cy, 1; < Cjj, limCy, 3 < Cjj. Therefore, C is in Cx
and C is closed.

O

B.3 An anchor-word factorization always exists when K = 2 < min{V, D}
B.3.1 Proof using condition of Theorem []]

Let P be a nonnegative column-stochastic matrix of rank K = 2 < min{V, D}. Thomas|(1974) has shown that
every rank two nonnegative matrix admits a nonnegative matrix factorization. Let (A, W) be the nonnegative
matrices in R2*VY x R2*DP that factorize P; thatis P = AW.

Without loss of generality we can assume that A and W are column stochastic (that is, their columns add up
to one). Also, suppose that the first term in the vocabulary solves the problem ¢; = min, v ay2/a,1. That is,
we assume that the first term of the vocabulary receives the lowest possible probability under topic two, relative
to the probability that the same term receives under topic one. Analogously, suppose that the second term in the
vocabulary solves co = min,cv ay1/ay2. Note that if A were not organized in such a way, we could always
permute the rows of A to achieve this structure. Note also that the ratios involving a,; and a, are always well
defined because none of the rows of P equal zero.

We will make use of the 2 x 2 matrix

1 _ €
— 17C2 17C1
T - —C2 1 ’
1—C2 1—C1

where c1 and c4 are defined in the previous paragraph. Because A has rank two, both ¢q,co € (0,1). This
implies that T is well defined; that its determinant is strictly positive, and that T~! is a column-stochastic
matrix.

In a slight abuse of notation, write A as the following block matrix

A*
A
—~
V—2x2
Consider then the V x V matrix given by
I 0 _
C= 2 V=2 (63)

(Raiw) TATR-1y Ov_oxv—o

We will show that this matrix satisfies the necessary and sufficient condition for anchor-word factorization in
Theorem 11
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We first show that C is an element of the set Co defined in Equation (I7). Note first that Tr(C) = 2 and that
the diagonal elements of the matrix C are either O or 1. Thus, we only need to show that the elements of the

matrix
(Ranw) "ATRr-1yy (64)

are nonnegative and bounded above by one.

We first show that the elements of (64) are nonnegative. Note that AW (which corresponds to the lower
V — 2 x D block of P) is a nonnegative matrix, which implies R 3, is nonnegative. Note also that because
T~ is column stochastic, then T~1W is a column-stochastic matrix. Finally, since A is column stochastic and
c1,c¢o € (0,1), it follows that ATis nonnegative.

We then show that the elements of are bounded above by one. Since, by definition, R is the diagonal
matrix that contains the row sums of a matrix M, algebra shows that

Raw = Ranyraw) = RATJQT,lvv'

Thus, the elements of the V — 2 x 2 matrix (64)) are bounded above by one. This shows that C is an element of
the set Cs.

Finally, we show that C satisfies the equation CP™" = P™¥, Using the block matrix representation of A

( A*W) Trow
Prow — (AW) row
The definition of C in Equation (63)) implies
(A*W)I'OW

CP™™ = N
(Raw) TATRr 1y (AXW)Y |7

(A*W)row
(Raw) ' ATRpawy (AT (T71W) )

By construction, A*T is a diagonal matrix, which implies

row

((A*T) (TIW)>mW - <(T1W)> — Ry T WL

Thus, we conclude that CP™" = P™% and thus C € Cy(P). Theoremthus implies that any matrix P of rank

K = 2 admits an anchor-word factorization.

B.3.2 Explicit anchor-word factorization when K = 2 < min{V, D}

The proof of Theorem gives a simple formula to obtain the anchor-word factorization of P from C € Co(P).

In particular, if we start out with the factors (A, W) that were used in the previous subsection, the proof of
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Theorem [T]implies that the column-normalized version of the V x K matrix

Ik

- 65
ATRrawRxy ©

provides an anchor-word factorization of P. Since A*T is diagonal and column stochastic, then the matrix in

(63) equals

A*T
N VN D

where we have used

iRA*W — :RA*TT_lw — A*T:RT—lw.

Thus,
A*T

Ao= |t
0T AT

and Wy = T~'W provide an anchor-word factorization of P.

B.4 An Anchor-word factorization does not always exist when V = 4, K =
D=3
B.4.1 Example

In this section we show that any matrix P of the form

x 0 0
0 0
P= Y ,
0 11—y 1—p
1—« 0 B

for «, B,y € (0, 1) does not admit an anchor-word factorization.

The row-normalized version of P is given by:

1 0
0 1
Trow
PP = 0 1—y 1-B
2—y—B 2—v—PB
1—x 0 8)
1—a+p 1—a+p

We define the set éK to be the set of V x V matrices of the form

Ik Oxxv—x
)

M Ov_kxk
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where M > 0 is a row-normalized matrix (with rows different from zero, so that row-normalization is always
well defined). From Lemma we want to show there does not exist C € Cx and a row permutation matrix IT
such that CTTP™" = TTP™Y,

Since K = 3 we can argue that it is only relevant to focus on four classes of permutations (which are indexed

by the row of P™" that is placed at the bottom of the permuted matrix). Without loss of generality, we can focus

on
1—x 0 B
1—x+p 1—x+p
0 1 0
PIiOW — 17—Y 176 ,
2—=y—B 2—v-B
0 0
0 0
prow — 2—y—B 2—y—p
2 11—« 0 B ’
1—a+p 1—a+p
0 1 0
0 0
1 0
row __
PRV = . 5 :
1—a+fp 1—a+p
2—y—p 2—y—PB
0 0
1 0
P = 1-y 1-p
2—y—B 2—v—PB
1—x 0 8)
1—a+p 1—a+p

Note there is no C € Cx such that CPY = P for i = 1, 2, since this would require some elements of M
to be strictly above one.

Consider now the matrices P and P;™". We can focus on Py’Y, since the argument for the other matrix is
entirely analogous. Let the elements of M, which is a 1 x 3 matrix, be denoted as [m;, mo, ms]. In order for
the first element of the last row of P5’¥ (which equals zero) to be a convex combination of the first three rows
it is necessary to have m; = mg = 0. However, this implies that the last element of the fourth row of P5™
(which equals 1 — 3/2 —y — [3) cannot be obtained as a convex combination of the first three rows, whenever
3 € (0,1). Therefore there does not exist C € Ck such that CPY = P, Since the argument for P;°% is

analogous, we conclude that the anchor-word factorization does not exist for P.

B.5 Upper bound for q; ,(V,K,D,Np)

Lemma 4. Let || - || denote the Frobenius norm. For any o € (0, 1)
qT—cx(v)DJK7ND) g Csug ||C_]IV|| 'Eﬁf(x(vayKaﬁD)v (66)
€Cx
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where

QT,“(V,D,K,ND) = sup Ell—OC(AWavaaKvND)
(A W)€y

and

di_«(AW,V,D,K,Np) = inf {q R, ( Paw (||§mw —(AW)]| < q) >1- oc.} :

Proof. By definition—see Section q1-«(AW,V,D,K,Np) is the 1 — & quantile of the test statistic
T(Y) under the distribution P = AW, (A, W) € ©q. Thus:

q1-« (AW, V,D,K,Np) = inf {q ER: [Paw (TV) < q) > 1- cx} .

Let Cp € Ck be the matrix for which CP™% — (AW)™Y = 0 (such a matrix exists by Theorem . Since the
test statistic T(Y) equals mincee, || CProY — Prov|| it follows that

T(Y) < [|[CpP™ — PV
= HCP]’Srow — CpP™Y 4 CpProW _ prow | prow _ ’]SrowH
= [|(Cp —Ty) (PPY — P™¥)|

< sup [|C—1Ty| - ||§row —prov,

where the last inequality follows from the submultiplicativity of Frobenius norm. This inequality implies that

Qi=JaeRy

Paw | sup [[C—Tv|- [P =P <q) > 1-«
CeCyx

is a subset of
Qo= {q ER+‘PAW(T(Y)<q) 21—0(}.

Therefore,
qi—« (AW, V,D, K,Np) = inf Qg < inf Q;. 67)

Define C*(V,K) = supcee, [|C — Iv||. We want to show that
inf Ql < c* (V, K) ' qlf(x(AW7 Va Da KaND)'

Let
Q= {q Ry [Paw (IP™ =P < q) > 1- oc.},

and note that, by definition,
d1-«(AW,V,D,K,Np) = inf Q.

By definition of infimum, there exists a sequence {qn Jneny € Q2 such that

lim qn = ql—oc(AW7 Vu Dv K7ND) (68)
n—oo
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For each ¢, we have that

(C*(V,X) - qn) € Q1.

Consequently,
inf Q1 < C*(V,K) - gqn

for all n € N. We thus conclude by that
inf Ql < C* (V, K) : ql—CX(va Va Dv K)ND)
and by that
CI1—oc(AW7 V7 D7 K7ND) < C*(Vv K) : ql—(x(Awa V7 D? K7ND)

Taking the supremum on both sides over (A, W) € ©g gives the desired result.

B.6 Estimation error of different estimators

In this section we discuss two alternative estimators for P™%. Here is a description of the estimators and the

results we derive:

1. Nuclear-Norm Minimizer: Let ﬁnue be the estimator suggested by McRae & Davenport| (2021)), Section
2.3, Theorem 2.2, p. 712. The following proposition follows from their Theorem 2.2:

Proposition 3. Let 0 <y < 1 be an arbitrary scalar. For any (A, W) such that p,,(A,W)/D > v/V

16 V3/2-In ((D +V)/e) - K

Prow AW row <44 =
H "™l <442 -

nuc

(69)

with probability at least 1 — €.

2. Minimax Estimator for the columns: Let ﬁmm the V x D matrix with (v, d)-entry given by (v/Ng/V +
nva)/(v/Ng + Ng). Let P™¥ the row-normalized version of this estimator. In Section m below we

min

establish the followmg proposition:

Proposition 4. Let 0 < y < 1 be arbitrary scalars. For any (A, W) such that p,(A,W)/D > vy/V

s(1-¥) V2
‘PFOW AW row . 70
H min H .YQ -€ N, i + 2N1/2 ( )

min

with probability at least 1 — €.

The estimator that row-normalizes that minimax estimator is expected to satisfy the high-level assumption

n (26) provided
V2

Nmin + 2N

1 /2
min

is small. Here, we rely on the same technique as Proposition |3| to derive the rate. We can also provide
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better rates with an order of V2

D- (Nmin + 2N

1/2
min

+1)

with other assumptions about probability design and other techniques.

Outline for this section: Let P be an arbitrary estimator of the population term-document frequency matrix,
P. Just as we did in the main body of the paper, define prow = ngllS and PV = fR;lP. We establish a series
of results that will allow us to provide finite-sample bounds for ||P™ — P™V||.

Lemmabelow shows that in order to upper-bound the estimation error ||Prow — Prow|| . we can analyze the
terms

IR (P — Pl (71)

and
(R — R P (72)

Lemma [6]uses Markov’s inequality to provide an upper bound for the term in (71)). Lemma[7]provides an upper
bound for the term in (72)). The bounds do not depend on the specific form of Pas long as the second moments

of the estimator exist.

Lemma 5. If I\Rgl(P —P)llg < & with probability at least 1 — €/2, and ||(31g1 — R;l)lsﬂp < by with
probability at least 1 — €/2, then with probability at least 1 — €,

[P — P™"|[p < 2max{8y, 55}.
Proof. Algebra shows that

PPV — PPO¥||p = [|R 1P — R P
= IR = Rp'P + R TP — Ry Pl
<IIRSTP — R Plle + [IRp P — Rp Pl
= IRp (P = P)llr + (R " — Rp )P,

where the inequality comes from the triangle inequality.

The inequality above implies that for any constant ¢ we have
P(IP™Y — P[> ¢) PR (P =PIl + [R5 — RpIPlle > c).
Moreover, the right-hand side of the equation above is upper-bounded by
PR (P = P)llr > ¢/2 0r [(Ry" — Rp )Pl > ¢/2).
The subadditivity of probability measures then implies

P(IP™ =PI > ¢) <P(IRp" (P —P)llr > ¢/2)
+ PR = Rp Pl > ¢/2).
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Take ¢ = 2max{d1, b2} and note that
P(IIRp (P — P)llF > max{81,82}) < P(IRp* (P —P)llF > 81) < €/2,
and analogously P((leg1 — iR;l)lS > max{01, d2}) < €/2. O

Lemma 6. Suppose that the second moments of Pvq exist forv = 1,....Vand d = 1,...,D. Then with
probability at least 1 — €

\/Zv 1Zd 1E[Pvd—Pvd) }

%5 (P =Pl < -

pvmln

where the expectation IE is taken under the true data generating process P.

Proof. The definition of Frobenius norm implies that for any x > 0

1,8 1 .
PRGN P=PE>x) =P | > ) 53 (Pva —Pya)® > %
v d v

ZZ Pvd — pvd > x?

pvmln v

Z Zd (Pva — pvd)

x2

)
melTl

where the last step follows from Markov’s inequality. Taking x to be

\/ZV 12 d— 1E[Pvd—Pvd”

p\)mlﬂ €

completes the proof. O

Lemma 7. Suppose that the second moments of Pvq exist forv = 1,....V and d = 1,...,D. Then with

Vv A
NRS! — RVl < — \/Z“ E (v =p)?)
P P Pvmin €

where the expectation E is taken under the true data generating process P, and p, = Zﬁzl Pvd, Pv =

d o
Zd:l Pvd-

probability at least 1 — €

Proof.

_ 1A 1 1 5.
IR =R Pl = [ 33 (— — %P2,
Pv  Pv




- 1/2

= Z vad

> pvpv
- 1/2
(pv — Pv)2 9
< — a3 Py
; PIp3
- 1/2
1 R
g D) Z (pV - pV)2

Pymin v

The inequality above holds since (3~ 4 p24)/2 < Y 4 Pva = Dv-
Then, for any x > 0

_ 1B 1 .
PR = Rp"Plle > %) <P [ — > (pv—pu)* > %
vmin vy
< LLE((y —pv)?)

x2

pvmin

where the last line follows by Markov’s inequality. Taking

_ 1 \/Zv E(pv —pv)?
Pvmin € ’

yields the desired result. O

B.6.1 Estimation error of P{;’evfl

Proof of Proposition[2] In a slight abuse of notation, let P denote the V x D matrix with (v, d)-entry given by
nyva/Ng. Let P™¥ the row-normalized version of this estimator.
Note that

ZZE Pyd — Pva)] :Zzpvd 1—Pvd

The first equality holds because 1, 4 is a binomial distribution with parameter N 4 and p.,4. The second equality

holds since the ) |, pyq = 1. The second inequality comes from the fact that

min Zp%d s.t. vadzl
v v

Pid,---Pvd
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equals 1/V. Therefore, by Lemma@ with probability at least 1 — /2

1 [2D(1—9)

IR(P—P)IF <
P F Pvmin Nmm€

Moreover, since by assumption, pymin/D = v/V, we have that

2V2(1 — )

RSHP —P)f < .
1Rp( ) DN

Lemma [7|implies that with probability at least 1 — €/2

) 1 25 E(py—pv)?
IRy — %Pl < —— 2 B =B

Pvmin

1 \/2Zv ZdE[(f)vd*pvd)]2

€

Pvmin
1 [2D(1-3)
Pvmin Nmin€
2V2(1— %)
Y2DNmin€ ’

where the second equality holds because the estimators p,,q are unbiased and they are also independent across

documents.
Finally, Lemma implies that if Pro¥ is based on the row-normalization of the empirical frequencies then

8(1—%) V2

]/_-}row (AW Y| <
H ( ) ||F ,YQ .€ Nmin . D

with probability at least 1 — €.

B.6.2 Estimation error of P %"

Proof of Proposition{d] In a slight abuse of notation, let P denote the V x D matrix with (v, d)-entry given by
(VNg/V+n,4)/(v/Ng +Ng). Let P™% be the row-normalized version of this estimator.

As above, we show that

2N N
Napva — =74 + 38

~ 2 o
2pvd 1
Pva — + vz
<X

v Nmin +2N
ZZ Pva —
- Nimin + 2N
D(l——)
" Non +2NY2 ¢

min

1/2
min + 1

1
L + el
12
min
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The first equality holds because 1,4 is a binomial distribution with parameter N4 and p,,4. The third equality
holds since the } | pyq = 1.
Therefore, by Lemma@ with probability at least 1 — €/2

1 2D(1—3)

IR (P —P)Ilr <

Pymin \| (N +2Np/2 + 1)
Moreover, since by assumption, pymin/D = v/V, we have that
_ X 2V2(1 - )
IR5" (P = Pl < | — T
Y D(len+2Nmm l)e

Note that

ZE vad_pvd ZZEpvd_pvd +Z ZEpvd_pvd) (ﬁvd’_pvd’)~
v d

v od#d’

We use the bound for the first term again and for the second term, we know

~ — Pvd
E
(pvd pvd) \/—+1
So
1— V(pvd +pvd’)
Z Z E pvd pvd) (pvd’ pvd’ Z Z /7 < 2 +pvdpvd/
v d#£d’ v d;éd’ +1 v
1— pvd +pvd’)
- ¥ ' 2 (I pap

= Z \/7_’_1 ;pvdpvd’ _é

d£d’

\d;i/ F+1 (1_\1/)

BLICOR

" Noin + 2N2 4

min

The third equality holds since the ) |, pyq = 1. The first inequality comes from the fact that
maXvadpvd/ s.t. vaj =1 and py; >0 forj=dord
A% A%

equals to 1 by Kuhn-Tucker conditions. Therefore,

D(D +1) (1—l)
Nimin + 2N2/2

min

ZE Z(f’vd_pvd)Q <
v d
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Lemmaimplies that with probability at least 1 — €/2

N _H )2
(R — R Plle < — \/QZVE“”V P)

vmin €

. DD +1) (1- )
< . 2 1/2
Pvmin Nmin + 2N 50

+1

2(D+1)V2(1—13)
v2D (Nmm FoNY2 1) ¢

min

Finally, Lernrna implies that if ProW js based on the row-normalization of the minimax estimator then

N 8(1—< 2
HP[’OW _ (AW)I‘OW”F g ( V) V

Y2 € Ny +2NY2 41

min

with probability at least 1 — €.
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C Additional Results

C.1 Likelihood of an anchor-word factorization under sparsity

In this section, we study how likely it is that a randomly generated population term-document frequency matrix
admits a separable factorization as we vary the degree of sparsity in the word-topic matrix A. To do so, we
again start by creating the columns of both A and W as draws from independent Dirichlet distributions with
o = 1. We then randomly set | 3 V] entries in each column of A equal to zero, where 3 € [0, 1) and | x| denotes
the integer part of XEI For this exercise, we fix K = 3, V = 100 and D = 100. This is depicted in Figure
With 3 = 0, our DGP is identical to the quadrant of Figure [3| that corresponds to K = 3 and V = 100. In line

e o @9
~ © ©
T T T

o
(o]
T

Realizations with anchor word factorization
o o o o
N w E>N (6]
T T T T

4
.
T

o

0 0.05 0.1 0.15 0.2 0.25
5

Figure 11: Fraction of realizations with an anchor-word factorization as we vary the amount of sparsity in A. Non-zero
entries of the word-topic matrix A have a Dirichlet distribution with concentration parameter o« = 1. Figure based on 200
simulations.

with Figure we see that no anchor-word factorization exists across realizations when there is no sparsity.
However, as the amount of sparsity in A increases, an anchor-word factorization is increasingly likely to exist,

and for values of 3 > 0.2 an anchor-word factorization exists in almost all realizations.

3We disregard realizations of A in which entire rows are equal to zero. Effectively, these are realizations with a smaller value of V
and less sparsity.
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C.2 Estimating A under the anchor word assumption for a DGP with no an-

chor words

We return to the simple example from Appendix (and underlying Figure[2b), in whichV =4,K =D =3,

and
o 0 0
0 0
A=P= Y
0 11—y 1—p
11—« 0 B

In particular, we set « = 3 =y = 0.5. We then sample documents of size 10,000 according to P by drawing
the matrix of word counts, Y, from the multinomial model in Equation [8} We repeat this exercise 1000 times to
create 1000 artificial datasets.

For each of the 1000 simulated datasets we then run the the algorithm of |Arora et al.[|(2013) on Y to obtain
A, correctly setting K = 3H The algorithm of |Arora et al.[ (2013) assumes the existence of anchor words,
and is guaranteed to return an estimate A with K anchor words. Across our simulations, the first two words
(corresponding to the first two rows in P) are anchor words in every realization. On the other hand, the words
corresponding to the third and fourth row in P are both wrongly identified as anchor words in roughly half of
the realizations (in 48% and 52% of realizations respectively).

In fact, (up to a column permutation that is immaterial) we obtain one of two estimates with about equal

probability, arbitrarily implying very different topics depending on the realization. These are depicted belowE]

1 0 0 ~05 0 0
N 0 =05 0 . 1 0
Al - ) A2 =
0 =05 ~1/3 0 ~2/3
0 0 ~2/3 ~05 0 ~1/3

Further, recalling that the true word-topic matrix is given by

05 0 0
0 05 0

A= :
0 05 05
05 0 05

we note that both estimates give very misleading estimates for two of the three true topics: In realizations that
return Aq, only the second topic (corresponding to the second column in A) is estimated correctly, while in

realizations that return As, only the first topic (corresponding to the first column in A) is estimated correctly.

4We alternatively tried to run the algorithms of Bing et al.[(2020a)) and |[Ke & Wang|(2022)). These also assume the existence of anchor
words, and yield inconsistent results across our simulation, frequently returning errors.

SWhile entries equal to zero or one are identical across all realizations, the remaining entries (preceded by ~) will be numerically
different but close to the indicated value across realizations.
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Alternative estimators for the topics in the FOMCI1 corpus.
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Figure 12: Arora, Ge & Moitral (2012)’s estimator of A in the FOMC1 corpus. Each panel shows the word cloud of words
of a topic (column in A matrix), where the font size is proportional to term’s weight in the topic, and the top 5 terms with

largest weights are colored in orange. The estimated anchor-word for each topic is in the caption.
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Figure 13: Ke & Wang (2022)’s estimator of A in the FOMCI1 corpus. Each panel shows the word cloud of words of a
topic (column in A matrix), where the font size is proportional to term’s weight in the topic, and the top 5 terms with largest
weights are colored in orange.
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Figure 14: Latent Dirichlet Allocation estimator of A in the FOMC1 corpus with uniform priors. Each panel shows the
word cloud of words of a topic (column in A matrix), where the font size is proportional to term’s weight in the topic, and
the top 5 terms with largest weights are colored in orange.
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