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Abstract

We present a simple Gaussian approximation to the finite-sample distribution of the classi-
cal ridge regression estimator. Our approximation captures the fact that, in finite samples, the
ridge regression estimator trades off bias and variance to improve estimation and prediction
error. Our approximation is based on nonstandard asymptotics where i) we let the estimator’s
regularization parameter grow proportionally to the sample size; and i) we treat the popula-
tion regression coefficients as local to the reference vector that defines the estimator’s direction
of shrinkage. In contrast to other asymptotic approximations available in the literature, we
allow for general forms of heteroskedasticity and autocorrelation in the data generating process
(at the cost of considering a low-dimensional model where covariates are not allowed to grow
with the sample size). We use our simple Gaussian approximation to propose two new strate-
gies to select the regularization parameter for the ridge regression estimator. The suggested
strategies select the regularization parameter to minimize either average or worst-case excess

prediction risk, where risk is computed using our suggested Gaussian approximation.

1 Introduction

We have access to a dataset D, = {(y;, ] ) }"_, comprised of n observations of a real-valued outcome

variable, y; € R, and a vector of k covariates, z; € R*. The dataset D,, is assumed to have been
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generated by the statistical model
vi=a B+e, {(z] &)} ~P. (1)
We are willing to restrict the data generating processes under consideration by requiring that

(1/n)zxi:¢jﬁ>z, and (1/ﬂ)in6ii>Nk(0,Q), (2)

where both X and () are positive definite matrices. These assumptions allow for general forms of
heteroskedasticity and autocorrelation in the data generating process.
We are interested in approximating the finite-sample distribution of the ridge regression estima-

tor: .
i=1 i=1

We refer to the nonnegative scalar \, as the reqularization parameter and to 3, € R* as the reference
vector. We index the regularization parameter by the sample size to allow for the possibility that
it depends on the dataset D,,.

Our first result (Theorem [1)) shows that there is a sense in which, under —, we can approx-

imate the distribution @n — [ by the Gaussian distribution:
Ni (=On/n)(Z + Aa/m)T)THB = Bo), (1/n)(S + (Aa/m)T) QS + (\a/m)T) ) - (4)

Our simple approximation captures the fact that, in finite samples, the choice of regularization
parameter and reference vector affect the bias and variance of the ridge regression estimator. We
view the mean and variance in the limiting distribution in (4)) as providing simple generalizations of
common formulae for the bias and variance of the ridge estimator derived conditional on covariates

and under i.i.d. sampling; see, for example, Equations 29.8 and 29.9 in|Hansen (2022). The Gaussian



approximation in (4)) can also be viewed as a generalization of the asymptotic distribution of the
ridge estimator presented in the seminal work of Knight and Ful (2000), which they derive imposing
conditional homoskedasticity (in our framework, heteroskedasticity and serial autocorrelation are
captured in the matrix 2).

In order to derive Theorem , we use nonstandard asymptotz’csﬂ As we will explain later, we
assume that the true coefficient S in the model (henceforth denoted f,,) depends on the sample
size. We treat (3, as local to the reference vector By that defines the estimator’s direction of shrinkage.

More concretely, we assume that:

\/ﬁ(ﬁn - BO) — b? (5)

for some b € R*. Our asymptotic analysis focuses on (possibly data-dependent) choices of the

regularization parameter that grow proportionally to the sample size, in the sense that
An/n 2 X €0, 00). (6)

Our second result (Theorem [2)) uses the Gaussian distribution in to provide an approximation
to the excess prediction risk of the ridge regression estimator. As we explain later, excess prediction
risk is defined as the additional prediction risk relative to an oracle that knows (,. Predictions of

the outcome variable based on the ridge regression estimator take the form

ax, () = 27 By, (7)

where /3, is defined in (3).
The exact finite-sample analysis of the prediction risk of ridge regression is challenging even
under a stylized homoskedastic, Gaussian regression model. There are different recent papers in

the statistics literature that provide approximations (and lower/upper bounds) to this prediction

1See [Powell (2017) for a description of the role that nonstandard asymptotics plays in modern econometrics.



risk. For example, |Dobriban and Wager| (2018]), Hastie, Montanari, Rosset, and Tibshirani (2022),
Mourtada and Rosasco (2022), Atanasov, Zavatone-Veth, and Pehlevan (2024). We show that
it is possible to use our Theorem [I| to provide an approximation to the excess prediction risk of
ridge regression as a function of three types of parameters: A\ (the probability limit of \,/n); b
(the parameter controlling the local-to-f5y regression coefficient 5,); and the variance parameters
32, Q. Importantly, the variance parameters can be consistently estimated, but the local parameter
b cannot.

Our third result (Theorem [3)) presents closed-form, data-driven recommendations for the selec-
tion of the regularization parameter \,. Our formulae are designed for the special case in which—
under the true unknown data generating process—the covariates are asymptotically uncorrelated
and have the same variance; that is, ¥ = 021}, where I} is the identity matrix of dimension & and

02 is a common variance parameter. Following Hastie et al.| (2022), we refer to this scenario as

x
one having isotropic features.ﬂ The key step in deriving our closed-form formulae is to choose the
regularization parameter to optimize the excess prediction risk approximation in Theorem 2] As
we discussed before, this approximation depends on the local parameter b and variance parameters
02 and Q. While the latter parameters can typically be consistently estimated under mild assump-
tions, the local parameter b cannot. We use the common decision-theoretic principles of average and
worst-case risk (see Ferguson (1967)) to account for the unknown parameter b in the approximate
excess prediction risk. If 7 is a prior distribution on b such that E,[b"b] < oo and E,[b"b] > 0,
Theorem [3| shows that the m-optimal selection of the regularization parameter )\, in ridge regression
is

~

trace(€2)
PEbT0] (8)

~
/\mr =n-

When the localization parameter b admits a known bound B on its norm (||b|| < B), the selection

of the regularization parameter \, that minimizes approximate worst-case excess risk (and that we

2Although we note that in Hastie et al.| (2022) ¥ equals the identity matrix, whereas we only require ¥ = o021



term the minimaz choice of \,) is:

-~

~ trace(€2
)‘;kz minimax — 7" T(g) (9)
’ o:B

While the formulae in —@ pertain to the case of isotropic features, the idea of optimizing
approximate excess prediction risk (either by using an average or worst-case criterion) is more

general. We explain how to operationalize both of these approaches for nonisotropic features; see

Sections|3.3.1jand |3.3.2] In both cases, the optimal choice of regularization parameter is the solution

of a nonconvex optimization problem over the positive part of the real line. In this case, we suggest
to choose \,, by evaluating the objective functions on a grid of candidate regularization parameters.
This approach is the same as the one used by conventional statistical packages to find and implement
the usual cross-validated choice of regularization parameter.

RELATED LITERATURE: The introduction of the ridge estimator to regression analysis is often
credited to |Hoerl and Kennard| (1970), although the estimator is based on the earlier work of |[Hoerl
(1962); see Hoerl (2020). The textbook version of the ridge regression estimator uses a reference
vector By = Ogx1; see, for example, Chapter 3.4, Equation 3.41 in Friedman, Hastie, and Tibshirani
(2017) or Chapter 29.5 in [Hansen| (2022). The more general formulation given in equation has
several precedents in the literature; for example, Equation 2.1 in |Swindel| (1976). See also |Anup
and Maddalaj (1984).

The high-level assumptions in that we use to analyze the distribution of the ridge estimator
are common in the econometrics literature. For example, it is well known that can be verified
under i.i.d. sampling and standard primitive conditions on the joint distribution of z; and ¢; (see
Assumption 7.2 in Hansen| (2022) and Theorems 7.1 and 7.2 therein). However, our framework
allows us to incorporate richer data structures, where it is possible to depart from i.i.d. sampling
and have general forms of heteroskedasticity and autocorrelation in (x;,¢€;).

The approximation we propose in (4)) has not—to the best of our knowledge—appeared before in



the literature expressed at this level of generality. The closest reference that we are aware of is the
seminal work of [Knight and Fu (2000), who present a Gaussian approximation to the distribution of
the ridge regression estimator assuming independence between z; and ¢; (and independence across
observations). The distribution in coincides with their result when specialized to the case in
which 2 is conditionally homoskedastic (that is, Q@ = E[e?]%) and 8y = Ogx1. We view the mean and
variance in the limiting distribution in (4)) as providing simple generalizations of common formulae
for the bias and variance of the ridge estimator derived conditional on covariates and under i.i.d.
sampling; see, for example, Equations 29.8 and 29.9 in |Hansen (2022)) and also Section 4 in [Hoerl
and Kennard| (1970).

The idea of considering drifting sequences of parameter values—as those in and @—in
order to improve the distributional approximations provided by standard asymptotic theory has a
long history in econometrics. See [Powell (2017) for examples and details on the use of nonstandard
asymptotics in econometrics. More concretely, the idea of using nonstandard asymptotics to analyze
the distribution of the ridge regression estimator also appears in Knight and Fu/ (2000) (they refer
to it as triangular array asymptotics), and more recently in the work of Shen and Xiu (2025)),
who assess the predictive performance of several machine learning methods in high-dimensional
regressions with low signal-to-noise ratios.

There is also a recent literature analyzing the risk of predictions based on the ridge regression
estimator, where the outcome variable predictions take the same form as in . For example,
Hsu, Kakade, and Zhang] (2012), Dobriban and Wager| (2018)), Hastie et al. (2022), Mourtada and
Rosasco| (2022)), |Atanasov et al| (2024). All these papers make distributional assumptions that
preclude data generating processes that exhibit at least one of the following features: conditional
heteroskedasticity, time-series autocorrelation, or a nonlinear conditional expectation function. It
is important to mention, however, that the additional assumptions in these papers allow them to
consider high-dimensional approximations where the number of covariates can be large relative to

the sample size. In contrast, all the analysis in our paper pertains to a low-dimensional model



where we treat the number of covariates as fixed, and let the sample size diverge to infinity.

Finally, the idea of using an approximation of the risk function to choose regularization param-
eters has a long precedent in statistics and econometrics; see, for example the discussion of |Abadie
and Kasy| (2019) on p. 744. To the best of our knowledge the formulae we provide in and (9)
are new to the literature. It is important to mention, however, that one of the initial motivations
of our paper was to recover an expression analogous to the optimal regularization parameter for
ridge regression given by |Hastie et al.| (2022) in their Corollary 6 to Theorem 6. Their results show
that using high-dimensional asymptotics where k/n — -y, the oracle choice of regularization param-
eter for the ridge estimator (assuming xz; and ¢; are independent and that > = I) takes the form
N = nE[e?]v/]|B]|?. Assuming conditional homoskedasticity, our formulae in and (9) become
analogous to [Hastie et al. (2022)’s formula, but the true unknown g, is replaced by either the prior
mean of ||b||? or the maximum value of ||b||?.

OUTLINE: The rest of this paper is organized as follows. Section [2| introduces notation, frame-
work, and main assumptions. Section [3| presents our main results. Section 4] presents simulation

evidence to illustrate and support our main results. Section |5| concludes.

2 Notation and Framework

An econometrician has access to a dataset D,, = {(y;, z;)}?, comprised of n observations of a
real-valued outcome variable, y; € R, and a vector of k covariates, x; € R¥. The dataset D,, is

assumed to have been generated by the statistical model

yi=x; B t+e, {(x] &)}, ~P,. (10)

The parameters of this statistical model are i) the unknown vector of slope coefficients, 3, € R,

and ii) the unknown distribution of the tuple ((z{,€1), ..., (2}, €,)), which we denote as P,. Note



that we have indexed both [, and P, by the sample size n. While this does not make a difference

when conducting finite-sample analysis (since, in that case, n is fixed), it will allow us for more

flexibility when considering asymptotic approximations to the distribution of different statistics.
We implicitly restrict the parameter space of the statistical model in by requiring P, to

satisfy the following high-level assumption:

Assumption 1 (High-level assumptions on P,,). The distribution P,, satisfies
1. (1) wa] B Y for a positive definite matriz 3.
2. (/) Y1 xie KN Ni(0,9Q) for a positive definite matriz €.

The high-level Assumption [I] is a convenient way to consider a large class of data generating
processes in our analysis. It is well known that Assumption [I| can be verified under i.i.d. sampling
and standard primitive conditions on the joint distribution of z; and ¢; (see Assumption 7.2 in
Hansen (2022) and Theorems 7.1 and 7.2 therein). However, our framework allows us to incorporate
richer data structures, where it is possible to depart from i.i.d. sampling and have general forms of
heteroskedasticity and autocorrelation in (z;, ¢;).

The continuous mapping theorem and Slutsky’s theorem immediately imply the asymptotic

normality of the least-squares estimator of /3, in the model ; namely

n -1 5
Vn (BOLS - 5n> 4 N (O, 2—192—1) ’ BQLS = <Z xﬁj) Zl‘zyz (11)
i=1 i=1

This is a slight generalization of the normal approximation to the distribution of the least-squares
estimator derived under i.i.d. sampling (for example, see Theorem 7.3 in Hansen (2022)), where,
for example, €2 can be the long run variance of the process {x;¢;}°,, and where we allow 3, to vary

with the sample size.



3 Main Results

3.1 Asymptotic Distribution of the Ridge Estimator

Define the ridge estimator—with regularization parameter A € R, and a reference vector 3, € R¥—

to be the solution of the following minimization problem:

n k

. 1 T o\2 )‘ 2
gellleE;(yi —x; ) +E;(Bj — Boj)", (12)

The solution to the minimization problem in ([12)) can be shown to equal

-1

By = (Z ziw] + )\Hk> (Z Ty + Aﬂo) : (13)
=1 =1

It is known that the objective function that defines the ridge estimator intentionally sacrifices
training error (since predictors of y; based on fo’\ \» Will have a larger training error than predictions
based on the least-squares estimator BOLS) by penalizing deviations away from the reference vector
Bo-

We note that in most textbook definitions of the ridge estimator, the reference vector 3, equals
a vector of zeros of dimension k x 1; see, for example, Chapter 3.4, Equation 3.41 in Friedman et al.
(2017) or Chapter 29.5 in Hansen| (2022). Since the usual interpretation of is that the ridge
estimator “shrinks” the least-squares coefficients, we allow for the possibility that this shrinkage is
towards an arbitrary reference vector 3y that could be different from zero. We note that this more
general formulation has several precedents in the literature; for example, Equation 2.1 in Swindel
(1976). See also Anup and Maddala (1984]).

As we mentioned in the introduction, the main goal of this paper is to present a useful approxi-
mation to the finite-sample distribution of the ridge estimator in . We are particularly interested

in deriving an approximation that captures the well-known fact that, in finite samples, the ridge



estimator presents a bias-variance trade-off. Textbook expressions of the bias and variance of the
ridge estimator in finite samples are usually derived assuming i.i.d. sampling and conditional mean
independence; i.e., Ep, [¢;|z;] = Ep, [¢;] = 0. See, for example, Chapter 29.6 in Hansen| (2022)). This
stands in contrast with the generality under which the asymptotic distribution of the least-squares
estimator can be derived; see Equation above.

Our first result shows that when the regularization parameter X is negligible relative to the sample
size (even if it is data dependent), the standard asymptotic distribution of the ridge estimator
will not be useful to capture the bias-variance trade-off that is present in finite samples. More
precisely, the following result shows that the asymptotic distribution of the ridge estimator will be
asymptotically equivalent to that of the least-squares estimator. In order to state our result (and
to allow for the possibility that the regularization parameter A could be selected in a data-driven

manner), we consider a possibly stochastic sequence of regularization parameters {\,}>2 ;.

Proposition 1 (Approximation to the distribution of BM when )\, /n is negligible). Suppose that
the dataset D, was generated according to the statistical model , and suppose that P, satisfies
Assumption[1]. If

/50 and (M\/n)v/n(Bn — Bo) = 0,
then
Vn (B,\n - 5n) —V/n (B\OLS - ﬁn> 5 0.
Proof. See Appendix [A.T] ]

The intuition behind this result follows directly from the expression for B\n in . When n is
large and A, /n is close to zero, then B \, 1s approximately the same as BOLS. This is why /n( B o —n)
is approximately the same as the distribution of the least-squares estimator.

The proof of Proposition [1] shows that if A, is not negligible relative to the sample size, then

the asymptotic distribution of the ridge estimator will differ from that of the least-squares estima-

10



tor. Moreover, the asymptotic distribution will capture the bias-variance trade-off that the ridge

estimator faces in finite samples.

Theorem 1 (Approximation to the distribution of B)\n when )\, /n is non-negligible). Suppose that
the dataset D, was generated according to the statistical model , and suppose that P,, satisfies

Assumption[1]. If

/1B A€ 0,00) and (B, — Bo) — b € R, (14)

then
VI (Br, = Ba) 5 N (“A(Z + L), (5 4 AL (S + ML) ™). (15)
Proof. See Appendix [A.2] O

We view the mean and variance in the limiting distribution in as providing simple general-
izations of common formulae for the bias and variance of the ridge estimator derived conditional on
covariates and under i.i.d. sampling; see, for example, Equations 29.8 and 29.9 in Hansen (2022).

The key assumptions of Theorem (1| are the two conditions in . The first condition requires
the regularization parameter to be non-negligible relative to the sample size. Note that we allow
for the possibility that the regularization parameter is selected in a data-driven way, as long as it
has a deterministic probability limit. We note that the idea of using sequences of regularization
parameters A, to analyze the asymptotic properties of penalized estimators is not ours and has
several precedents in the statistics literature; see, for example, Theorems 2 and 3 in Knight and
Fu (2000) where different rate conditions on A, are used to analyze the ridge estimator and more
general lasso-type estimators.

The second condition in can be interpreted as saying that the true regression coefficient
Bn is “local-to-fy”. This means that we are assuming that the reference vector used to compute
the ridge estimator in is not too far from the true (and unknown) f,. We note that without

this assumption, the non-negligibility of A, leads to an asymptotic distribution where the bias is so

11



large that (3, is no longer y/n-consistent.

The idea of considering drifting sequences of parameter values in order to improve the distribu-
tional approximations provided by standard asymptotic theory has a long history in econometrics.
See, for example, the local-to-zero asymptotics in the linear instrumental variables model of [Staiger
and Stock! (1997)); the local-to-unit-root asymptotics in the study of nearly integrated autoregressive
processes in Phillips (1988) and its recent generalization in [Dou and Miiller| (2021); the local-to-
identification-failure analysis in the study of nonlinear Generalized Method of Moments models with
weak identification in Andrews and Mikusheva/ (2022); and the growing-number-of-folds asymptotic
framework in |Velez (2024), which improves distributional approximations for Debiased Machine
Learning estimators. See Powell (2017)) for more examples and details on the use of nonstandard
asymptotics in econometrics. Some recent work more directly related to our set-up is the paper of
Shen and Xiu| (2025)), studying a high-dimensional linear regression model with weak signals. While
our work focuses on regression models where the dimension of the covariates is fixed, a version of
the weak signals model in |Shen and Xiu| (2025) can be obtained in the case in which the reference
vector equals zero and the true parameter (3, drifts towards zero at rate 1/4/n.

Although Theorem [I] follows from elementary asymptotic theory, we are not aware of previous
work that had formally derived the simple approximation in at the level of generality allowed
by Assumption . Textbook results for the bias and variance of the ridge estimator (usually derived
conditional on covariates and under i.i.d. sampling of a linear regression model) can yield a Gaussian
distribution similar to in finite samples if the error term in the regression model is also assumed
to be Gaussian (conditional on the vector of covariates). But the analysis is more nuanced if the
error distribution is non-Gaussian and/or there is serial autocorrelation in the regression residuals.
The closest expression to that we were able to find in the literature is given in the seminal
paper of Knight and Fu| (2000) providing asymptotics for lasso-type estimators (including the ridge
estimator). On p. 1368 they use their Theorem 4 to derive an approximation to the asymptotic

distribution of a ridge estimator with reference vector Sy = Ogxi1. Under i.i.d. sampling and a

12



conditional homoskedasticity assumption (i.e., Q = E[z;x] €?] = E[z;z;]E[¢?]), they obtain the

same formula as in but specialized to the case in which = E[e?]3. Thus, our results can be
viewed as a generalization of their analysis of the asymptotic distribution of the ridge estimator, but
allowing for more general data structures (where heteroskedasticity and serial autocorrelation are
permitted and captured by the matrix ), and where we also allow for a general reference vector /.
Knight and Ful (2000) also consider an asymptotic sequence where (3, changes with the sample size
(they refer to this as triangular array asymptotics). We note that a potentially interesting extension
of our results is to derive asymptotic approximations for lasso-type estimators (analogous to part b)
of their Theorem 4) under our Assumption . These results could then be used to provide concrete
recommendations for the choice of regularization parameter. In the remaining part of the paper, we
maintain our focus on the ridge estimator and use the asymptotic approximation in Theorem [I] to
present approximations to the prediction risk of the ridge estimator, and we use statistical decision

theory to provide recommendations on the choice of regularization parameter.

3.2 An approximation to the Prediction Risk of Ridge Regression

In this section we show that it is possible to use Theorem [1| to provide an approximation to the
prediction risk of ridge regression. We start by providing a definition of the prediction problem
we are interested in, and we present a formal definition of the risk of predictions based on ridge
regression.

Prediction Problem. An econometrician has access to a dataset D,, = {(v;, z] )}, comprised of
n observations of a real-valued outcome variable, 3; € R, and a vector of k covariates, z; € R¥. The
dataset D,, is assumed to have been generated by the statistical model with parameters (5, P,)
that satisfy Assumption . A prediction function is a mapping a : R* — R that maps covariates
into a predicted value for the outcome variable. We note that a prediction function is defined for all
possible values of covariates, including those that have not been observed in the sample. In order

to define a loss function for the prediction problem, we introduce an additional assumption.

13



Assumption 2. The stochastic process {(x] , €;)}22, is strictly stationary in the sense of Definition

1.8.3 in|Brockwell and Davis (2013).

The strict stationarity assumption means that—associated to P,—there exists a probability
distribution P over R**! such that, for every i = 1,...,n, we have (z;,¢) ~ P. We will refer to
P as the stationary distribution of P,,. We use this stationary distribution to define a loss function
for the prediction problem as follows. Suppose we sample a new pair (z',¢) according to the
stationary distribution P, and use the slope coefficient (3, to construct a new outcome-covariate pair
(y,z) = ("B, + ex)ﬁ We can then define the loss associated to a prediction function a : R¥ — R

as

L(a, Bn, P) = Egy )i,y — a())?].

In a slight abuse of notation, (y,x) ~ (f,,P) is used to capture the fact that the expectation is
taken over outcome-covariate pairs generated using (3,,P) as described above.

Prediction Risk. In a prediction problem, the goal is to construct a data-driven prediction
function; that is, we want to use the available training data to choose a prediction function. In
a slight abuse of notation, we denote data-driven prediction functions as a. Formally, we think
of @ as a mapping that takes the data set D, as input and returns a prediction function @ from
covariates to outcomes. Because a is constructed from the training data, it is a random function.

The prediction risk is then the expected prediction loss

R(&: B, Pn) = ]E(ﬂrupn) [E(Ei, B, P)]u (16>

where £, p,) means that the expectation is taken over the distribution of D,,, which is parameter-

3Note then that in our analysis we do not allow the distribution used to evaluate prediction error to deviate
arbitrarily from the distribution that generated the data. As shown by [Patil, Du, and Tibshirani| (2024}, such
an assumption can have important implications over the optimal choice of regularization parameter. A framework
for analyzing the distributionally robust prediction error for the square-root lasso and related estimators (and for
optimally selecting tuning parameters) has been proposed in |Montiel Olea, Rush, Velez, and Wiesel| (2026)), but their
framework excludes the ridge regression estimator.

14



ized by (B, Py).
Approzimate Prediction Risk. Consider the prediction function based on the ridge regression

estimator

G, (2) = 2" By, (17)

where B\A is defined in ([13)).

The exact finite-sample analysis of the prediction risk of ridge regression is challenging even under
the stylized homoskedastic, Gaussian regression model. However, there are different papers that
provide approximations (and lower/upper bounds) to this prediction risk. For example, Dobriban
and Wager| (2018]), Hastie et al. (2022), Mourtada and Rosasco| (2022), Atanasov et al. (2024]).
The following result shows that we can use Theorem [1| to provide an approximation to the excess
prediction risk of ridge regression as a function of three types of parameters: A (the probability limit
of A\,/n); b (the parameter controlling the local-to-fy regression coefficient 3,); and the variance
']

parameters X, Q (where 3 = Ep[zx ' |, and € is the asymptotic variance defined in Assumption .

More precisely, define the approzimate excess risk function
e Lo ~1 -1 1 —1 -1
RI(A0,5,Q) = = A0 (X + Al) ™ 2(2 + M)~ b+ —trace ((Z + Al,) Q2 + Al) E) . (18)
n n

Theorem 2 (Approximation to the excess prediction risk of ridge regression). Suppose that the
dataset D,, was generated according to the statistical model , and suppose that P, satisfies
Assumptions[1] and [ If

(i) An/n 5 X €10,00) and /n(B, — o) — b € RF,
(ii) there exist estimators (,9Q) that are consistent for (3,(),

(iii) there exists § > 0 such that

sup Ep, [(ZJEZn)H(S} < o0, Zn = \/E@\An — Bn),

15



then

Ro (@, ) = 0% = Ry (A6, 8, Q) + 05, £ (1/n), (19)
where 0 = Ep[e?].
Proof. See Appendix O

The difference between the finite sample prediction risk of a given data-driven predictor a—

2 is typically referred to

which we have denoted by R,(ay;5,,P,)—and the residual variance o
as the excess prediction risk or simply excess m’skﬁ Theorem [2| says that, in large samples, the
excess prediction risk of ridge regression equals—up to a term that is small in probability—by the
approximate excess prediction risk function defined in Equation , evaluated at (A, b, i, Q) The
result shows that if we fix (i, fAZ), the excess risk is expected to vary as a function of i) how large
is the penalty parameter relative to the sample size (A is the probability limit of A, /n) and ii) how
close is the reference vector fy to the true coefficient 3, (b is the limit of \/n(5, — 5o)).

Theorem [2| is conceptually related to an active area of research in the statistics literature pro-
viding asymptotic and nonasymptotic approximations to the excess prediction risk of the ridge
regression estimator; see, for example, |Dobriban and Wager| (2018),Hastie et al.| (2022]), Mourtada
and Rosasco| (2022) and the references therein. All these papers make distributional assumptions
that preclude data generating processes that exhibit conditional heteroskedasticity, time-series au-
tocorrelation, or a nonlinear conditional expectation function. The additional assumptions in these
papers, however, allow them to consider high-dimensional asymptotics where the number of covari-
ates is allowed to grow relative to the sample size. In contrast, all the analysis in this paper pertains
a low-dimensional model where we treat the number of covariates as fixed, and let the sample size

diverge to infinity.

4See, for example, [Mourtadal (2022).
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3.3 Selection of )\

In this section, we use the approximation to the excess prediction risk of ridge regression given
in Theorem [2| to make a concrete recommendation regarding the selection of the regularization
parameter \,. The key insight is to pick A—which is the probability limit of A, /n—to optimize the
function RS (A;b, 5, ﬁ), which is the leading term in (19). The main conceptual challenge is that
approximation depends on the unknown localization parameter b € R*, which was defined to be the
limit of the sequence \/n(3, — By). Since b cannot be estimated consistently, we suggest to handle
this localization parameter in a way that we think is entirely analogous to the evaluation of risk
functions in statistical decision theory: optimizing either the worst-case or the average risk. Our
suggested method provides a well-defined mapping from the data (through the estimated covariance

matrices & and (AZ) to values of the regularization parameter. We provide details below.

3.3.1 Choosing )\ to minimize the worst-case approximate excess risk

We first consider the problem of minimizing the worst-case approximate excess risk. Let B C R* be
a user-specified set of potential values for b. For example, one could take B = {b € R* |]b|| < B}.
for some known B > 0, where || - || denotes the standard Euclidean norm. We say that X:ﬁb is a
B-minimax selection of the regularization parameter in ridge regression if /):,"; = n - \* where \*

solves the minimax problem

inf sup Ry (A; b, i, @) (20)
A>0 beB

We make two comments about the minimax problem in (20). First, if the set B is unbounded, then
the B-minimax choice of the regularization parameter in ridge regression is Xn = 0. This means
that in order to obtain a different choice of /):n under the minimax criterion we will require a bound
on the parameter b € R*.

Second, while the outer optimization problem in could be handled via grid search (as it is

done whenever ), is chosen by means of cross-validation), the inner optimization problem requires
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the evaluation of the worst-case approximate excess risk. Since only the first term in the expression
of R¢(\; b, i Q) in Equation depends on b, we can solve for the worst-case risk by solving the

following constrained optimization problem:
Uworst-case(A) = sup bT(i + )\]Ik)_lf](i + M) 'b  subject to b € B. (21)
b

Algebra shows that when B = {b € R* ||b]] < B}—for some known B > 0, and with || - || given by
the Euclidean norm—the constrained optimization problem in (21)) can be solved in closed-form up

to a maximum eigenvalue computation:
Dorst-case(A) = B? - max-eigenvalue ((i + A]Ik)’li(i + )\Hk)’1> .

Thus, in the special case in which the Euclidean norm of b is bounded by B, the B-minimax choice
of A, can be implemented as X;ﬁ = n X A* where A* solves the problem

f%{ M2 B*max-eigenvalue <(§3 FAL)TIESE + )\]Ik)_l) + trace ((f] + ML) + )\Hk)_li) . (22)
eR+

The minimization problem in (22)) is a nonlinear (and nonconvex) optimization problem over R
and, in general, does not have a closed-form solution. Our suggestion is to minimize this function
over the same grid of parameter values used in the standard implementation of (leave-one-out)

cross-validation for ridge regression provided in standard statistical packages such as glmnet.

3.3.2 Choosing )\ to minimize average approximate excess risk

We now consider the problem of choosing the regularization parameter of ridge regression by mini-
mizing the average approximate excess risk. Let m denote a user-specified probability distribution

over R*. We say that Xfl is a m-optimal selection of the regularization parameter in ridge regression
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if //{7*1 = n - \* where \* solves the problem

inf Ey_.[RS(A: b, 5, Q). (23)

A>0

Once again, since only the first term in the expression of RS (A;b, f], (AZ) in Equation depends

on b, we can solve for the average excess risk by evaluating the following expectation:
Buverage (A) = B [B7 (8 AT) T S(8 + AL) b (24)

This expectation can be evaluated analytically in some cases. For example, suppose b ~ A, (0, C?I}),

where C' is a user-specified hyper-parameter. Algebra shows that
Duverage(\) = C2 - trace ((i FAL)TISE + )\]Ik)’1> .

A similar formula can be derived if the distribution over b is elliptical with mean zero and a
covariance matrix proportional to the identity matrix; see Appendix [B.I] The m-optimal choice of

o~

A, in these cases is X: =n X X*, where \* solves the problem

inf A2C2trace ((i FAL)TISE + )\]Ik)‘l) + trace ((i FAL)TIOE + )\]Ik)‘1§]> . (25)

AeRL

Just as for the B-minimax choice of regularization parameter, our suggestion is to minimize this
function over the same grid of parameter values used in the standard implementation of (leave-one-

out) cross-validation for ridge regression provided in standard statistical packages.

3.3.3 Isotropic Features

We now specialize the derivations in Sections |3.3.1| and |3.3.2| to the case in which ¥—the matrix of

second moments of the vector of covariates—is known to be proportional to identity matrix; that is,
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¥ = ¢2l. Hastie et al.| (2022) refer to predictions problems of this form as prediction with isotropic
featuresﬂ Algebra shows that with isotropic features, both the minimax and average-risk objectives
outlined in the previous subsections simplify substantially, allowing explicit characterization of the
optimal regularization parameter for ridge regression. The key observation is that under isotropic

features, the approximate excess risk in Equation simplifies to

1 \202 1 o2
RE(N:b o2 Q) =—-—""2 plp4—— "2 ¢ 0). 26
TL( ) 70x7 ) n(g_g +>\)2 + n(gg +>\)2 race( ) ( )

The following theorem presents the optimal selection of the regularization parameter for ridge

regression under the minimax and average risk criterion.

Theorem 3 (Optimal choice of regularization parameter with isotropic features). Suppose that the
assumptions of Theorem @ hold. Assume that ¥ = 021, 02 > 0, and that there exist estimators

(02, (AZ) that are consistent for (o2,8). Then:

(1) If B={b € R* ||b|| < B}—for some known B > 0, and with || - || given by the Euclidean

norm—the B-minimax selection of the reqularization parameter in ridge regression is

N trace(2)
minimax O_%BQ

(2) If E,[b"b] < oo and E,[b"b] > 0, the m-optimal selection of the regqularization parameter in

ridge regression is

~

- trace(§2)
T G207

Proof. See Appendix O

Since the introduction of the ridge regression estimator, the problem of providing a concrete

recommendation for its regularization parameter has been analyzed in multiple papers; for example,

SHastie et al. (2022) further assume that o2 = 1.
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see (Gibbons (1981) and the references therein. The idea of using an approximation of the risk
function to choose regularization parameters has a long precedent in statistics and econometrics;
see, for example the discussion of Abadie and Kasy| (2019)) on p. 744. To the best of our knowledge
the formulae we provide in Theorem |3| are new to the literature. For the formula we provide
in (2), the closest reference we were able to find in the literature is the optimal regularization
parameter derived in Theorem 2.1 in Dobriban and Wager| (2018)), p. 254. Their recommendation
is based on high-dimensional model where covariates and regression residuals are independent, but
covariates need not be isotropic. Assuming a prior on regression coefficients such that E.[5] = 0
and Var,[8] = o?I;/k (see their Assumption RRC), [Dobriban and Wager| (2018) recommend a

regularization parameter of the form

In the homoskedastic case with isotropic covariates— = o2I;—our formula matches their recom-

mendation since

~

trace(€2) k k

"= RE Y EBl B o

>)
*

However, our result allows for heteroskedasticity and autocorrelation in the data generating process
by adjusting the regularization parameter as a function of 2. The main limitation of our result, as
discussed before, is that our theory is only applicable to low-dimensional models.

More generally, it is important to mention again that one of the initial motivations of our
paper was to recover an expression analogous to the optimal regularization parameter for the ridge
regression estimator given by Hastie et al.| (2022)) in their Corollary 6 to Theorem 6. Their results
show that using high-dimensional asymptotics where k/n — -y, the oracle choice of regularization
parameter for the ridge estimator (assuming z; and ¢; are independent and that ¥ = I) takes
the form \* = nE[e?]v/||8]|*>. Assuming conditional homoskedasticity, our formulae in and (9)

become analogous to Hastie et al.| (2022)’s formula, but the true unknown £, is replaced by either
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the prior mean of ||b||? or the maximum value of ||b]|?.

4 Simulations

We now examine the extent to which the asymptotic approximations presented in Section [3| cap-
ture the finite-sample behavior of the ridge estimator. For this purpose, we present Monte-Carlo

simulations to calculate and compare the prediction risk of the following estimators:

1. The ridge regression with the regularization parameter chosen to minimize the worst-case

approximate excess-risk criterion in (22)).

2. The ridge estimator tuned according to the standard leave-one-out cross-validation; see Section

3 in |Patil, Wei, Rinaldo, and Tibshirani (2021)).
3. The OLS estimator.

Henceforth, we refer to these estimators as minimax ridge, LOO-CV ridge, and OLS, respectively.

4.1 DGP-1

We first consider the stylized Gaussian homoskedastic linear regression model

b
yl:.’ﬂ:ﬂn—FE“ szN(an—zIk)a EiNN(()?Uz)? 6n:50+%7
with 8y = (0,...,0)". We assume that ¢; is independent of z;. Let ¥ = E[z;z]] = 02I}, and
Q = E[z;z, ¢?]. Under homoskedasticity and independence, 2 = 0% = 02021},
Throughout this subsection we set k = 10, 02 =1, 0> = 1, and b = (1,...,1)". We set B =
6]l = v/10. In our simulations, we consider six different sample sizes: n € {500, 1000, 1500, 2000,

2500, 3000}. Each simulation uses 2,000 Monte Carlo repetitions.
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We use the term minimaz ridge to refer to the ridge estimator that uses the regularization
parameter given by and [y as reference vector. Since the vector of covariates has isotropic

features (X = 021},), the regularization parameter is chosen as in Theorem ; that is:

~ trace(Q)
)\minimax = HW’ (27)

where 2

~ is estimated from the sample covariance matrix of the covariates, and €2 is consistently

estimated by the feasible sample analogue of E[x;z; €7], obtained by replacing ¢; with OLS residuals
(and imposing conditional homoskedasticity).

For the LOO-CV (leave-one-out cross-validation) ridge, we use the leave-one-out cross-validation
procedure as in |Patil et al| (2021, Section S)H The candidate set of regularization parameters
A, = nc is based on a nonuniform grid of 500 strictly positive candidate values of ¢ spanning
[0.001, 5]. We let RidgeCV choose the minimizer of the leave-one-out criterion over that grid.

For each sample size n and m = 1,...,2000, we proceed as follows:

1. Draw an independent sample D™ = {(Y;"™, X!™)}7_| from the Gaussian model.

2. Calculate the minimax ridge, LOO-CV ridge, and OLS using D™,

3. Calculate the prediction error for each estimator B\flm),
Em(an®) [V = X B = 0% + (B = B) TS(B™ - 8a).

We then approximate the prediction risk by averaging the prediction errors across repetitions:

2000
1

— N Eyx- [Y—XTA(’“)Q .
2000 2 (V. X)~(BnB) | ( By™)

6We set sklearn.linear model.RidgeCV with cv=None and fit_intercept=False.
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Figure 1: Distribution of the first coefficient under DGP-1

Figure |1 reports the simulated distribution of \/5(31 — fBp1) for OLS and minimax ridge, with
the Gaussian limits implied by Theorem N(0, %) for OLS and N(—=M\by/(02 + )), %) for
minimax ridge. The approximation is accurate already at n = 500 and remains so as n grows.
Consistent with our asymptotic approximations, the minimax ridge distribution is shifted away
from the origin, but markedly more concentrated than the OLS distribution. In contrast, OLS is
correctly centered but presents a large dispersion.

We now compare the estimators using the excess prediction risk; that is, R,(ay,; Bn, Pn) — 02
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Figure [2| compares the excess prediction risk of the three estimators relative to minimax ridge
estimator across different sample sizes. The figure suggests that, in this design, our recommended
minimax ridge outperforms both LOO-CV ridge and OLS. Across sample sizes, the risk of LOO-CV

ridge is about 20 percent higher than that of minimax ridge.
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Figure 2: Relative excess prediction risk under DGP-1

We next evaluate our approximation to the excess prediction risk of ridge estimators presented in
Theorem [2 Figure [3 displays a comparison between the Monte Carlo estimate of excess prediction
risk R, (ay,; Bn,Pn) — 02 (solid orange line) and our feasible approximate excess-risk RS (\; b, f], (AZ)
(shaded region) for several values of the scaled regularization parameter A/n € [0,5][] In all the
panels, we scale the vertical axis by the sample size n and report results consistent with Equation
, showing that the approximate excess-risk calculation tracks the excess-risk curve closely. Fig-
ure |3 also presents the approximate excess risk minimizer (vertical dashed line), which is the median
of the penalized parameter based on Equation . For all three sample sizes (n = 500, 1,000, and

3,000), the median selected tuning ratio is approximately 0.99, which is close to the theoretical

"For each value of )\, the approximate excess-risk RS (\;b, f), ﬁ) is data-dependent; therefore, for each simulation
we have a different value. To capture its range of values, we report the central 95 percent range after dropping the
lowest 2.5 percent and highest 2.5 percent of values for each candidate ratio.
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Figure 3: Risk curves under DGP-1

We also compare the scaled regularization parameter (A, /n) used by the LOO-CV and minimax
ridge estimators. Figure [10| in Appendix confirms that the scaled regularization parameter of
the minimax ridge—based on —is close to its limit A\,/n = 1, as expected. By contrast, the
scaled regularization parameter of the LOO-CV ridge is widely dispersed across the values it can

take.
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4.2 DGP-2

We next consider a low-dimensional version of the weak-signal design based on Section 3.1 of [Shen
and Xiu (2025). Our asymptotic theory focused on models in which the number of covariates is
small relative to the sample size. Thus, before considering a high-dimensional version of this design,
it is useful to first understand the performance of our approximations in a non-isotropic design with
a smaller number of covariates. We note that this design (and also the one presented in the next
section) imply a minor departure from Assumption [2] (strict stationarity) by allowing heterogenous
variances.

Following [Shen and Xiu (2025), we let the outcome be generated by the linear model y; =
x] B, + €, with n = 500 and k = 50. The ridge reference vector is 8y = O, so the local parameter
is b = \/n(Bn — o) = /nPBn. The design matrix is generated as X = 21/2225/2, where Z € R™**
has i.i.d. standard normal entries, >; € R™*"™ controls the dependence across observations, and
¥, € R¥* controls the dependence across regressors. For ¥, we follow Shen and Xiul (2025) and
set (X1)y = 27 for 1 < 4,5 < n. For ¥y, we also follow Shen and Xiu| (2025) and construct the
second moments of covariates by orthogonal diagonalization so that ¥y = QAQT. The orthogonal
matrix ) is randomly drawn once, the eigenvalues in A are drawn once from UJ[0.5,1.5], and ¥
is then held fixed throughout the simulation. We note that, by construction, the matrix > is not
isotropic. In Appendix we describe the distribution of eigenvalues of this matrix and the
coefficient vector used in the simulation. Since the diagonal entries of 3; are equal to one, we can
show that the population prediction covariance is ¥ = E[z;x] | = 35. The errors are independent of
the regressors and are generated with diagonal heteroskedasticity, with the diagonal entries of the
error-variance matrix drawn once from UJ0.5, 1.5] and held fixed. Thus, the asymptotic variance {2
in Assumption [l is Q = 52%,, where 52 = n~' >_" | 52,, which is close to one in this design and
equals one asymptotically by the strong law of large numbers.

Following the coefficient-generation model in [Shen and Xiu| (2025, Section 3.1), we first draw a
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preliminary coefficient vector E, with independent coordinates satisfying

B;~02-0408-N(0,1.25), j=1,... k

For each target value of R? (5%, 20%, and 50%), we rescale this same draw to obtain the cor-
responding true coefficient vector (,,. The resulting 3, is then held fixed across all Monte Carlo
repetitions.

For the minimax criterion, we calibrate the radius B from the same coefficient-generation scheme:
for each target R?, we draw 2,000 coefficient vectors, rescale each draw to the target R?, compute
V1||B.]|, and use the 90th percentile as the baseline value of B. The /n normalization is the one
used in the local parameter b = /nf3,,. To accommodate the finite-sample effect of estimating a non-
negligible number of coefficients, we adjust the approximate excess risk function by multiplying the
variance term by n/(n — k). Since this design is not isotropic, minimax ridge uses the general non-
isotropic approximate excess-risk criterion implied by Theorem [2 In each Monte Carlo repetition,
we draw a new sample (X Y (™) and we plug in the sample analogues f]gfn) = XT x(m)/ (n—
k), EZ’C(I}W) = -3, ﬂ%)fs, and QY = 337’5?1)5357;1). For each target R? and each Monte Carlo
repetition, we follow the same steps as in DGP-1. The number of Monte Carlo repetitions is 2,000.

In each Monte Carlo repetition m, over a grid of candidate values A = A\, /(n — k), we choose

Xfﬁzimax to minimize the sum of
M2 B? maxeigenvalue [(ié?’ + )\Ik)_liéT)(iéT) + /\]k)_l} (28)
and
- ﬁ ’ trace [(f)gfn) + )\Ik)’lﬁgf)(ié?) + )Jk)’li(ffn)} . (29)

Relative to the criterion in Equation , the only modification consists of replacing the plug-in

covariance matrices by their degrees-of-freedom adjusted analogues and multiplying the variance
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Figure 4: Distribution of the first coefficient under DGP-2

component by n/(n — k). After the minimization, the reported ridge tuning parameter is /)\\%m) =
(n— k)igﬂimx, so all selected tuning ratios are reported on the scale A, /n.

For the LOO-CV ridge estimator, we use the same implementation as in DGP—IH The number
of Monte Carlo repetitions is 2,000 for each target value of R?.

The following figures report our simulation results. Figure [] reports the simulated distribution

of \/H(B\l — Bpa) for OLS and minimax ridge, together with the Gaussian approximations implied

8sklearn.linear model .RidgeCV with cv=None and fit_intercept=False.
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by our theory. The Gaussian curves are computed using the population matrices in the simulation,
rather than fitted to the Monte Carlo histograms. Similar to the pattern observed in DGP-1,
comparing with the OLS results, the distribution of the minimax ridge estimator is slightly biased

but has a smaller variance.
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Figure 5: Relative excess prediction risk under DGP-2, LOO-CV and minimax

We next compare the three estimators using excess prediction risk. Figure 5[ reports the excess
prediction risk of OLS and LOO-CV ridge relative to minimax ridge. The shaded region reports the
central 95 percent range of the repetition-specific relative excess risk of LOO-CV ridge. The figure
shows that OLS is dominated by both ridge estimators, especially when R? is small. LOO-CV ridge
and minimax ridge have very similar excess prediction risk: LOO-CV is slightly above minimax
ridge for the lower two values of R? and slightly below minimax ridge when R? = 50%.

We next evaluate our approximation to the excess prediction risk of ridge estimators presented
in Theorem [2] under DGP-2. Figure [f] displays a comparison between the Monte Carlo estimate
of the exact excess prediction risk, n{R,(ay,; B, Pn) — c?} (solid orange line), and our feasible
approximate excess risk R¢(\; b, i, ﬁ) (shaded region). To capture its range of values, we report the

central 95 percent range after dropping the lowest 2.5 percent and highest 2.5 percent of values for
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Figure 6: Risk curves under DGP-2

each candidate tuning ratio. In this lower-dimensional version of the design, the feasible approximate
excess-risk calculation tracks the Monte Carlo risk curve closely, including the location of the low-
risk region. Appendix reports additional diagnostics for the eigenvalues of Y, the coefficient

vectors, and the selected tuning ratios.
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Figure 7: Distribution of the first coefficient under DGP-3

4.3 DGP-3

We next consider the high-dimensional version of the weak-signal design based on Section 3.1 of

Shen and Xiu| (2025). Our asymptotic theory focused on models in which the number of covariates

is small relative to the sample size. Thus, it is of interest to understand the performance of our
approximations in models where the covariates are roughly of the same order as the sample size.
The setup is exactly the same as the setup in DGP-2 in the previous subsection, except here we set

k = 300.
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The following figures report our simulation results. Figure [7] reports the simulated distribution
of \/ﬁ(ﬁl — Bpa) for OLS and minimax ridge, together with the Gaussian approximations implied
by our theory. The Gaussian curves are computed using the population matrices in the simulation,
rather than fitted to the Monte Carlo histograms. Similar to the pattern observed in DGP-1 and
DGP-2, comparing with the OLS results, the distribution of the minimax ridge estimator is biased

by shrinkage but has a smaller variance.
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Figure 8: Relative excess prediction risk under DGP-3, LOO-CV and minimax

We next compare the three estimators using excess prediction risk. Figure |8 reports the excess
prediction risk of OLS and LOO-CV ridge relative to minimax ridge. The shaded region reports the
central 95 percent range of the repetition-specific relative excess risk of LOO-CV ridge. The figure
shows that OLS is dominated by both ridge estimators, especially when R? is small. LOO-CV ridge
and minimax ridge have comparable excess prediction risk, although LOO-CV ridge has slightly
lower mean excess risk than minimax ridge in this high-dimensional design. Thus, in the regime
where k/n is large, the approximation-based rule should not be interpreted as uniformly improving

on LOO-CV, but it remains competitive with the standard cross-validation benchmark.
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Figure 9: Risk curves under DGP-3

We next evaluate our approximation to the excess prediction risk of ridge estimators presented
in Theorem [2] under DGP-3. Figure [0 displays a comparison between the Monte Carlo estimate
of the exact excess prediction risk, n{R,(ay,; B, Pn) — 0%} (solid orange line), and our feasible
approximate excess risk R¢(\;0, f], ﬁ) (shaded region). To capture its range of values, we report
the central 95 percent range after dropping the lowest 2.5 percent and highest 2.5 percent of values
for each candidate tuning ratio. In this high-dimensional version of the design, the feasible approx-

imation is less accurate than in DGP-2, especially away from the low-risk region. This pattern is
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expected because k/n = 0.6 is far from the low-dimensional asymptotic framework used to derive
our approximation. Appendix reports additional diagnostics for the eigenvalues of 5, the

coefficient vectors, and the selected tuning ratios.

5 Conclusion

We presented a simple Gaussian approximation to the finite-sample distribution of the ridge re-
gression estimator. Our approximation is based on nonstandard asymptotics where i) we let the
estimator’s regularization parameter grow proportionally to the sample size; and ii) we treat the
population regression coefficients as local to the reference vector that defines the estimator’s direc-
tion of shrinkage. In contrast to other asymptotic approximations available in the literature, we
allow for general forms of heteroskedasticity and autocorrelation in the data generating process (at
the cost of considering a low-dimensional model where covariates are not allowed to grow with the
sample size). We used our simple Gaussian approximation to propose two new strategies to select
the regularization parameter for the ridge regression estimator. The suggested strategies select the
regularization parameter to minimize either average or worst-case excess prediction risk, where risk

is computed using our suggested Gaussian approximation.
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A  Proofs of Main Results

A.1 Proof of Proposition

Proof. Let X be the n x k matrix that contains z, in its i-th row. Let Y and € be the n x 1
matrices that contain y; and ¢; (respectively) in their i-th row. Define the matrices S=XTX /n and
A= i—l—()\n/n)]lk. Using this notation, B,\n = A-! (XTY/n+ (A\./n)fo) and Bors = f]*l(XTY)/n.

Algebra shows

Vit (Br, = Bn) = A7 (XTe/Vi = (n/m)v/ (B, — o) (30)
Vvn (gom — 5n> =S71XTe/Vn .

Therefore,

Vit (Br, = Bn) = v (Bows = Ba) = (A7 = S7) (X T/ Vi = A7 a/n)v/i (B — o)

which is 0,(1) because (i) A,/n - 0 implies A=! =51 is 0,(1), (ii) Assumptionimplies (XTe)/\/n

is O,(1), and (iii) because we are assuming (\,/n)v/n (8, — Bo) — 0 in this proposition. O

A.2 Proof of Theorem [

Proof. Recall that & = XTX/n and A=3S+ (An/n)I. Note that AL Y 4L, since & B %
(Assumption [1) and A,/n > X. Note also that A='(A,/n)v7 (B — Bo) 2 (2 + Al) "' Ab. We
conclude by using Equation , Assumption , and Slutsky’s theorem. O]

A.3 Proof of Theorem [2

Proof. We establish the result in two steps. We first show that the excess prediction risk R, (ay, ; B, Pn)

is approximated by R¢(\,b,%,Q) up to a remainder error of size o(n™!). We then show that
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RS (A, b, 3, Q), which depends on population parameters (X, €2), can be approximated by R¢ (), b, i, (AZ),
which uses consistent estimators (3, ), up to error of size 0(8,p)(1/n). The conclusion follows by
combining these two steps and the triangular inequality.

Step 1: For a new draw (z ', €) from the stationary distribution IP associated to P,,, we use 3, to
construct a new outcome-covariate pair (y,z) = (x' 3, + €,x). The exact finite-sample prediction

risk of a,,, is:

Ry, By Pn) = Egg, ) [(y — !ETBAR)Q} =0+ E@, p) [(EAH — B.) (B, — B)].

-~

Defining Z,, = v/n(By, — Bn), this becomes
- 9, 1 T

Note that equation |18 can be rewritten as

1
RZ()‘v b> 27 Q) = E]EZ[ZTEZL

where

7~ Nio(= (2 + M) 7'Ab, (S 4 A) ' + Al,) ).

Therefore,
|
Ru(ir,: B, Py) — 0% — RE(A,5,5,Q) = ~ (E(ﬁmpn) (Z]%2,] - ]EZ[ZTEZ]),
n

so it suffices to show

E@,en) |2, $Z,] = EZ[ZTE2).

Under the assumptions of Theorem , Slutsky’s theorem and Theorem |1 imply that Z, L7
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Theorem 6.2 in |DasGupta| (2008) implies that under assumption iii) of Theorem [2| (which is
a sufficient condition for uniform integrability) we have Eg, p,)[Z, 52, — Ez[ZT£Z]. This

establishes the oracle approximation
) . 1
Ro(ar,: B, Py) — 0% = RE(A, 5,2, Q) + o(—).
n

Step 2: It is sufficient to show that n (RZ(A,b,i,Q) — Re(N 0,5, Q)) = 0(8,,p,)(1). We claim

that this follows from the consistency of the estimators (f], (AZ) of (X, Q). To see this, note that
nRE(A0,2,Q) = N7 (Z + M) 'S(E 4 AL) 7'b + trace (S + AL,) 'Q(E 4+ AL) ') .
Then, we conclude by using Slutsky’s theorem and continuous mapping theorem. O

A.4 Proof of Theorem [3

Proof. Under isotropic features, ¥ = 021, the approximation of the excess risk of ridge regression

in Equation simplifies to

1 N\o? 1 o2
CN:b o2 Q)=-—"2 pipy T ¢ ). 1
Ry (A b, 04, 92) NCESYE +n(ag+/\)2 race((2) (31)

We use the previous closed-form expression to obtain

ery. 2 _ l 20% 21T o
R (N b,07,Q) = D01 V)P )\)3<‘7x(b b)A — trace(?)) . (32)

T

Note that the previous expression is negative if and only if A\ < \* = trace(g)) . Therefore, R¢(\; b, 02, 2)

— a2(bTb )X

as a function of A is decreasing on [0, A*] and increasing on [A\*, +00]. As a result, we have that
A\* € arg minyso RS (\; b, 02, Q) for any given (b, 02, Q).

Y x )’ X

We first establish part (1) of Theorem Note that when || - || is Euclidean norm, the set
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B={beR:||b| <B}=1{beR| b'b< B%. Since the coefficient on b'b in the excess risk
approximation formula defined by Equation is nonnegative for every A > 0, the worst-case
value of the approximate excess risk is attained when b'b = B2. Hence the minimax problem

reduces to minimizing the function

1 M\o? 1 o2
minimax A E_—x-B2 _—It Q 5 )\>07
Q a ( ) TL(O'%—F)\)Q + n(o_g_’_)\)g race( ) =
which as a function of A achieves its minimum at \!, . == %.

We then establish part (2) of Theorem [3l Suppose E,[b"b] < oco. Taking expectation with

respect to 7 gives

Querge () = Ea [RaNib o2, )] = 2% g 7+ LT prace(), Az o0
average = LBy | fip (A 0,0, = - T - race ) = Y

& n (02 + \)? n (02 4+ \)?
which as a function of A achieves its minimum at A} ... = %. O

B Additional Results

B.1 Optimal choice of ) for elliptical contoured distributions

In this appendix, we extend the result on choosing A to minimize average approximate excess risk to
the more general case in which b follows an elliptical contoured distribution. Following Cambanis,
Huang, and Simons| (1981)), a k-dimensional random vector X is said to follow an elliptical distri-
bution with location parameter ;. € R¥, nonnegative definite matrix ¥ € R¥** and characteristic

generator 1 if the characteristic function of X — u satisfies

ox_u(t) =0(t'St), teRN

We denote this by X ~ ECy(u, X, ).
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Now suppose b ~ ECy(0, I, 1) has finite second moments. Algebra shows that

E 2
Eby'] = %Ik.

Therefore,

By [bT(E FAL)TISE + )Jk)‘lb}
=Epor [tr((i +AL)TIEE + Afk)_lbbT)}
= tr((i + ML) TIEE + Afk)’lEbw[bbT])
= tr((i F M) TIS(E 4 )\Ik)_lwlk)
- %6”2 tr((i M) TIEE 4+ Alk)‘l) .

Hence the average approximate excess risk takes the same form as in Section 3.3.2, with C? replaced
by E||b||?/k. Tt follows that the corresponding characterization of the optimal choice of A extends

immediately to the class of elliptical contoured distributions with finite second moment.

B.2 Additional Simulation Results
B.2.1 DGP-1

DGP-1 is the isotropic example. The main additional object of interest is the selected tuning
ratio Xn /n. Under the population version of the minimax rule in this design, the optimal scaled

regularization parameter equals
. trace(Q)

¢ = poYT =1.

Figure reports the distribution of the selected tuning ratio /):n /n for LOO-CV ridge and
Minimax ridge. The feasible minimax rule is tightly centered near the population value ¢* = 1,

with dispersion decreasing as the sample size increases. In contrast, the LOO-CV tuning ratio is
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Figure 10: Scaled regularization parameter (Xn /n) used by the LOO-CV and minimax ridge esti-
mators under DGP-1

much more dispersed across Monte Carlo repetitions. This helps explain the risk comparison: in

DGP-1, minimax ridge uses a tuning parameter close to the risk-minimizing value, whereas LOO-CV

often selects substantially different amounts of shrinkage.

B.2.2 DGP-2

This appendix records diagnostic information for the covariance matrix and coefficient vectors used

in DGP-2. These diagnostics are useful because the design departs from the isotropic benchmark:
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the prediction covariance is Y5, not a scalar multiple of the identity matrix, and the coefficient
vector is a fixed draw from the spike-and-slab model described in the main text.
First, we verify the equality ¥ = E[z;z]] = 33 used in the simulation section. Let e; denote the

T

ith canonical basis vector in R". Since the ith row of X is #] = e/ X, we have

Elz;z, | = E[X Tese] X]

(2

= SPE|ZTE Peel B2 7| Y2

For any deterministic n X n matrix A and an n X k matrix Z with i.i.d. standard normal entries,

E[Z " AZ] = trace(A)I,. Applying this identity with A = Z}/ZeieiTE}/Q gives

Ez;z] ] = =52 trace<2 Pee Tzl/z) L5l

=23 (e] ©1e) [, 58

= 52 (20)ulk 5y
= Yo,
where the last equality uses (¥1); = 1. Similarly, because the errors are independent of the

regressors, mean zero, and have fixed variances 52, the corresponding variance matrix for the score

67,7

is proportional to Xs:
—ZExm €2 ( ZUH)EQ
Figure [11] plots the eigenvalues of the fixed ¥ matrix used in DGP-2. The eigenvalues range
from 0.502 to 1.479, with mean 0.981 and max-min spread 0.977. The vertical dashed line marks
the isotropic benchmark value one. The figure shows that the design is centered near the isotropic
benchmark on average but has meaningful dispersion in eigenvalues.

Figure[12|displays the fixed coefficient vector used in DGP-2 after rescaling the same preliminary

draw to the three target values of R?. The labels report ||3,]| for each target value. In this draw,
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Figure 11: Eigenvalues of Y5 under DGP-2

41 out of the 50 coordinates are nonzero. The figure makes explicit how increasing the target R?
changes the magnitude of the coefficient vector while preserving the same coefficient pattern.
Figure reports the distribution of the selected tuning ratio Xn /n for LOO-CV ridge and
minimax ridge under DGP-2. The minimax rule is more concentrated because it is driven by the
approximate-risk calculation and the calibrated radius B, whereas LOO-CV is more dispersed across

Monte Carlo repetitions.

B.2.3 DGP-3

This appendix records diagnostic information for the covariance matrix and coefficient vectors used
in DGP-3. DGP-3 uses the same covariance-generation and coefficient-generation schemes as DGP-
2, but increases the number of covariates from k& = 50 to k = 300 while keeping n = 500. Thus, the

diagnostics below should be read as the high-dimensional counterpart to Appendix
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Figure 12: Coefficient vectors under DGP-2

The same algebra as in Appendix implies that the population prediction covariance is
¥ = Elz;z] ] = o,

because the diagonal entries of 331 are equal to one. Since the errors are independent of the regressors,

mean zero, and have fixed variances 2,, the corresponding score variance matrix is

617

—ZExm €2 ZO‘H 2.

Figure [14] plots the eigenvalues of the fixed ¥ matrix used in DGP-3. The eigenvalues range
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Figure 13: Selected tuning ratios under DGP-2

from 0.502 to 1.499, with mean 1.027 and max-min spread 0.997. As in DGP-2, the design is
centered near the isotropic benchmark on average but is clearly non-isotropic.

Figure[15|displays the fixed coefficient vector used in DGP-3 after rescaling the same preliminary
draw to the three target values of R%. The labels report ||3, | for each target value. In this draw, 244
out of the 300 coordinates are nonzero. The figure shows that the signal is dense but individually

weak, especially for the lower target value of R?.

Figure reports the distribution of the selected tuning ratio Xn /n for LOO-CV ridge and
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Figure 14: Eigenvalues of ¥y under DGP-3

minimax ridge under DGP-3. Relative to DGP-2, the LOO-CV choices are substantially more
dispersed, especially when R? is small. This dispersion is consistent with the main-text finding
that, in the high-dimensional design, LOO-CV and minimax ridge have comparable average risk

but can choose very different penalty values in individual samples.
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Figure 15: Coefficient vectors under DGP-3
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