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APPENDIX A: MAIN RESULTS
A.1. Lemma 1

We now show that Assumptions 1 and 2 imply that given a collection r € R®"X™ of ‘active’ constraints
(m < n — 1) the maximum response is determined in closed-form (and up to sign) by the Karush-Kuhn-

Tucker conditions of programs (2.5) and (2.6). The following Lemma constitutes the basis of Theorem 1.

LEMMA 1 Suppose that Assumptions 1 and 2 hold. Let r be a matriz of dimension n X m collecting the

gradients of the ‘active’ (binding) constraints at a solution x*(u) of the mathematical program (2.5), then :

a) Uy, 5,5 () is given by either plus or minus the norm of the residual of the projection of ©1/20C,(A) e into

the space spanned by the columns of S1/2r; that is

1/2
(A1) Ug,i,j (1) = (e;Ck(A)EI/QM21/2T21/2CI€(A)/ei) ,
or

1/2
(AD) Ty = — (OS2 Mgy, 520 (A e )
where

Myy1)s, = I — SY2r(r/Sr) 1/ 21/2,

b) If in addition Uy ; j(1) # 0, then x*(u) is given by

20 = 52 (Mg z, ) E12C1(AY e [0

Consequently, the sign of vy ; j(1) depends on which of the two values of x*(p) in the equation above (the

one with (A.1) in the denominator or the one with (A.2)) satisfies the sign restrictions that are not in r.

PRrROOF: Let S(u) denote the n x ms matrix of ms ‘sign’ restrictions and let Z(u) denote the n x m, matrix of
‘zero’ restrictions. For notational simplicity, we deliberately ignore the dependence of the equality/inequality

restrictions on u. The problem in equation (2.5) is equivalent to

(A.3) Vk,i,j (1) = nézﬁx eiCr(A)z subject to 'Sz =1, S > O0m.x1, Z'¢=0m,x1.
x n
The auxiliary Lagrangian function is given by

L(x, A\, w1, wa; p) = eiCrz — Mz'S 7 e — 1) — w(8'z) — wh(Z'x).

Assumptions 1-2 imply that we can characterize the maximum response using the Karush-Kuhn-Tucker
conditions for the mathematical program in (2.5). The Karush-Kuhn-Tucker necessary conditions for this

problem are as follows:

Stationarity : C,;(A)ei — 222 'z — Swi — Zws = Opnx1,
Primal Feasibility : /X7 lz=1,
S’z > 0, x1,
Z'x = O, x1,

Complementary Slackness : wi;(e;Sz) =0 V i=1...ms,
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plus the additional dual feasibility constraint requiring the Lagrange multipliers, wi;, to be smaller than or

equal to zero.

Let z*(u) be one (out of possibly many) maximizers of the program of interest and suppose that the n x m
matrix 7 collects all the restrictions that are active (binding). Because of Assumption 1 and 2 , the matrix
r is of full rank m and m must be smaller than or equal n — 1. Using Stationarity, Primal Feasibility, and

Complementary Slackness at * we get

0=a"[Cr(A) e; —2X*T7 1" — Swy — Zwa] = a*'Cl(A)e; —2X* "' S 1a* — o' Swy — z*’' Zws
w*'C’k(A)'ei —2\* — 2" Swy — 2 Zws
(where we have used z*'271z* = 1)
= z¥Ch(A) e; —2)*
(where we have used 7 = 0,,, x1 and complementary slackness)
= k() — 207,
where vy, ; ;(1) denotes the value of the maximum response when the constraints in 7 are active. Thus, the

Lagrange multiplier A* is unique and given by

* 1_
\* = 5®k,i,j(#)~

Note also that A* # 0 if and only if Uy ;; (u; ) # 0. We now show that there are unique w} and w3 that satisfy
the Karush-Kuhn Tucker conditions. Let w* denote the nonzero components of wj and all the components

of w3. Note that left multiplying the stationarity condition by 3 and rearranging the terms we have :
!/
22\*z* = (C’k(A)/ei — Tw*) R

/
(A.4) (C’k(A)/e,- — rw*) E(Ck(A)/ei — Tw*) = 4%’z
— 4()\*)2
(where we have used z*/S71a* =1)

= 4 (%Ek,i,j (#)) :

= Tpu,(0)%

Consequently the value function given active constraints r is given by either
1/2

Vk,i,j (1) = [(Ck(A)/ei - TUJ*)IE(Ck(A)/ei - Tw*)} ,

or
1/2

Vk,i,5(0) = — [(Ck(A)/ei - Tw*>,2<0k(A)’ei - rw*)}

We will use the first order conditions to find the vector of Lagrange multipliers w* and show that they are

unique. Note that

0=2)\7"z* = {r’E(Ck(A)'ei — rw*)]

[r/zck (A)'e; — T/er*} .

Under the assumptions of the lemma, r is of rank m. The equation above holds if and only if
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w* = (1'Sr) T S0, (A) €.

Consequently, the Lagrange multipliers for the active restrictions are unique. To conclude the proof, we get

an explicit expression of the value function in terms of . To do so, note that

»1/2 (Ck (A)e; — rw*) = Y20,(4) e; — =V 200"

$12C,(A) e — SV 20 (¢ Sr) "W SCL(A) e

(]In — 21/27"(7"'21”)711”/21/2) El/QCk (A)e;

(]In - El/gT)EI/QC’k(A)/ei

= le/QTZl/QCk(A)’ei.

Therefore, the equation above and (A.4) imply that either

1/2
Ui 0) = [€LCRASY M2, S1/2C (A e

or

1/2
@km]‘ (,U,) = — {e;Ck(A)ElmMEl/%Zl/QCk(A)’ez}

Furthermore, since any solution for which r is the set of binding constraints satisfies 2A\*z*' = (Cy(A)e; —

rw*)'%, then for any Ty, ; ; (1) # 0 the solution z* should be given by either

1/2
* = 21/2 (M21/2T)21/20k(14)/6i/ {eéck(A)Zl/Qle/Zrzl/QCk(A)/ei:| ,

or

1/2
z* = 721/2 (M21/2r> 21/2Ck(14)l€¢/ |:6;Ck(A)El/2M21/2T21/2Ck(A)lei:|

In any case the Lagrange multipliers for the active constraints are given (as shown above) by,

w* = (' Sr) T 0L (A) €.

A.2. Proof of Theorem 1

The choice set of program (2.5) is non-empty (by Assumption 1) and compact (because of the ellipsoid
constraint BB’ = ). Hence, the maximum exists. Let z* € R™ be a solution and let r* be the set of

constraints that are active at x*.

Step 1: We show first that
) 2 ma ({10 7)o (57} )

We do so by considering two different cases.

Case 1.1: Take any 7 € R, and assume first that v ; j(p; 7) 7 0. If 1y, (27 (3 7)) = O, then

fihaw(sm) = vk (i) —2¢ < ¢ — 2c = —c < Ty 5 5 (1),
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where the first equality above follows from the definition of f,5,, and the two remaining inequalities follow
from the definition of the penalty term c.

Note, however, that if 7 € R is such that 1m, (2% (4;7)) = 1, then a7 (u;7) satisfies all the equality and
inequality restrictions in (2.5) and, by construction, also satisfies the ellipsoid constraint

@t (psr) ST e () = 1.
Consequently, Dy, ; ; (1) > b (p;7) for all 7 € R. An analogous argument shows that oy, ; (1) > frmaz (@ 7)-
This implies that

Oki g (1) > max{ frfraw (157), Frmaw (57)},

for all r € R such that vy ; ;(p;7) # 0.

Case 1.2: Consider now any r such that vy ; ;(u;7) = 0. If there is no feasible point z* that gives such a value,
then f,ﬁaz (1;7) = frnaz(p57) = —2¢ < Uy,5,5(u). If there is such a feasible point z* # 0 then fTJfLaz(u;r) =
Smax(p;7) = 0. Since z* is in the choice set of the program (2.5), then ff,'mz(,u; ) = fmaz(;r) =0 <

T, i,5 (10)-
Therefore, Case 1.1 and 1.2 imply that

Ek,i,j (/‘L) Z ma'X{f;—Laz (:u'; T)v fn_q,az (:u‘; T)} for all r € R.

Step 2: We now show that

) < e (w0 { £00 57), S (57} )
s L
Again, we consider two cases.
Case 2.1: Assume first that Ty, ; j (1) # 0. Without loss of generality, let us assume that Ty ; ;(1) > 0 (the
case in which Ty, ; ;(u) < 0 is completely analogous). Let * € R denote the set of active restrictions (which

by Assumptions 1 and 2 has at most n — 1 columns) at the solution z* (this is one out of the potentially

many solutions to the program). By Lemma 1 we know that

1/2
O 0) = (OS2 My 20 (A e )
and

1/2
o (usr) =512 (le/Qr*)21/2Ck(14)/€i/(e;Ck(A)ElmMEl/zM21/2Ck(A)'el-)

Since this point satisfies the sign restrictions not in r* (because it is a solution), then

1/2
(orS 2 Mg, 20 A e ) T = Flalr),

Consequently,

Ek,i,j (N) = f’rﬁar(u; 7"*) S I’rnealgi( (ma‘x{f;rtar(u; 7")7 f';zaz (/‘; T’)}) .

Case 2.2: If Uy, ; () = 0, there is an z* # 0 in the choice set. Hence, the Karush-Kuhn-Tucker conditions
imply that Cy(A)’e; is a linear combination of the active constraints that generate the value of zero (which

means, by definition of the algorithm, that there is an r* such that fies(u;r*) = frmae(u;7*) = 0).
Therefore, Ty, i,;(1) = f(p; ") < maxrer (maX{fTﬁaz(u;r), Fraz (13 r‘)}>
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As the result, the value function vy, ; j(1) is obtained by computing the Karush-Kuhn-Tucker points in
Lemma 1 for each r, penalizing the value Uy ; j(u;7) if not feasible, and maximizing over all the possible
values of r.

The proof for the lower bound is analogous;

vy 0) = i (win{ £ 1), £ (53 )

with:
Fhur) = veai(sr) + 201 — Lo, (27 (7)))e,
Frin7) = —vr () +2(1 = L (22 (p37)))c.
A.3. Lemma 2

LeMMA 2 Suppose that Assumptions 1-3 hold. Let r(u) be a matriz of dimension n x 1 collecting the gra-
dients of the ‘active’ (binding) constraints at a solution x*(u) of the mathematical program (2.5) such that
Vk,i 5 (s m(1)) # 0. Then vy i 5(p; (1)) s differentiable with respect to p with the derivative vy ; j(u; (1))
given by

Ok i, 5 (i Avec(Cr(A)) /. « . Ovec(r .
%J%W ol Ot (2% (s (1)) ® €3) — Yy wi Zpeb ) o (s (1))

OV 1,5 (3T * — * * *B’Uecr *
Pl | Xt () @ 3 s ) = iy i P s 00)

where (1) denotes the k-th column of r(u),
2 (7 (0)) = /2 (M 2, ) B30 AY e 5 00,
P

%Uk,i,j(;u?"'(.“))ﬂ w* = [r(p) Sr(w)] " r(p) SCk(A)es,

and wj is the k-th component of the vector w*.

PROOF: Note first that Assumption 3 implies that » = r(u) is differentiable with respect to u. Moreover,
since vy ;, j (5 7) # 0 the function

1/2
Vi (i) = (e;ck(A)zl/QMWTzl/Qck(A)'ei)

is differentiable as well. Moreover, the function

a*(uyr) = £1/? (M21/2,.) 21/2Ck(A),6i/Uk,i,j(M; r)
is also differentiable. Therefore,

dvg,i,j (15 7) d[e;Cy (A)x™ (u; 7))
dy dp
(since vp,i,;(p;7) = €;Ch(A)z™ (115 7))
dx* (u; d(z*(u;r) @ el)vec(Cr (A
) g g 96 © e A)
du dp
(where we have re-written }C(A)z* as (z*' ® e})vec(Cr(A)))
do* (v dvec(Ci(4))
= o (A)e; + — k)
gy et —

(where we have applied the chain rule for matrix derivatives).

)

(@ (1;7) ® €;)
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We now use the envelope theorem to compute this derivative. Note that —using Assumptions 1 and 2—

Lemma 1 shows the existence of unique multipliers A* € R and w* € R! such that

Cr(A) e; = X257 1™ (u; 1) + rw*.

Therefore,
dvg,i,; (15 7) dz* (p;r) [ -1 } dvec(Cr(A4))
- AL DRSSO - )@ e
dvec(A) dvec(A) (i) Frwt |+ dvec(A) @ (wsr) ®ei)
and
dvy,i,5 (15 7) dz* (p;r) [ 1 } dvec(Cy(A))
—b 2 o 2 o gt (s B =l N (78
dvec(X) dvec(X) (i) et + dvec(X) @ (usr) ®ei)
Note also that because z*(u,r) satisfies the ellipsoid constraint
dz* (u;r) S~ o> (v dz*(u;r) 1 «
o L Al | det )
dvec(A) dvec(A)
and, also, since the equality constraints are met,
o - dr(w'er(wr()
dvec(A)
dz” (s ) dry () dri(p)
= ety "W (Fetny T ), e gt )
where 7 (1) denotes the k-th column of r(u). Consequently,
1
dvg,ij(wir) _ dvec(Cr(4)) X dvec(ri (1)) .
dvec(A) N dvec(A) (@ (wi) @ es) Zwk dvec(A) 2" (wsr),

k=1
where w} is the k-th entry of the vector of lagrange multipliers w*. This gives the partial derivative of

V4,5 (1 71 (1)) with respect to vec(A). We note that this derivative can also be written as

dvec(r(1))
dvec(A)

dvkig(sr) M(z*(u~r) ®e;i) —

dvec(A) dvec(A) (" () @ w™,

which is the expression given in the overview. Finally, to get the derivative with respect to vec(X) we note
that

da* (pr)' St (pir) _ da* (wir)

0 dvec(X) - dvec(X) DR *(wir) — (ST e () © STt (),

and
dvec(X)
dx* 5T r N . .
= SO ) ¢ (), A i)

Consequently,

Drig (157) e dvec(ria(w)

T T MG nex™ Z Tavee(s) T

A.4. Proof of Theorem 2

STRUCTURE OF THE PROOF: The proof proceeds in five steps. First, we show that Assumptions 1 and 2
imply that the choice set of program (2.5) is non-empty for any fi in a neighborhood of u. Second, we show
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that the choice set of program (2.5) is both lower and upper-hemicontinuous correspondence at p. Third,
we use the continuity of the choice set and the Maximum theorem to establish continuity of Dy ; ;(-) at p.
Fourth, we use Lemma 1 and the continuity of vy ; ;(-) to show that

max Vi (o, 77 'R} <liminftyn (ks i — Vi g .
T;(u)eR*(#){ k,z,g(“ 1 (1)'h} < N ~( k,z,j(ﬂN) k,z,a(“))

Finally, we use Lemma 1, Theorem 1, and Lemma 2 to show (by contradiction) that

limsup tn (Tk,i,j (4N) = Tk,ij (1) < max {0k, 5 (7 (1) h}-
N—oo r (W) ER* (1)

Step 1 : By Assumption 1 there is a point * € R™ that belongs to the choice set of program (2.5). Let
Z*(p) € R™*™e denote the restrictions in program (2.5) that are active at z*. By Assumption 2, we know
that me < n — 1. Let S*(u) € R™"*™: denote all the other restrictions that are not in Z*(u). This means
that S*(u)'z* > O, x1 (since these restrictions are not in Z*(u)). Note first that Assumption 2 implies
there is €1 > 0 such that Apin (@) = min eig(Z*(u) Z* (1)) > €1. Since x* is feasible we can also pick ea
such that (s, (u)/|]sk, (1)||)'z* (1) is larger than ez for each m € {1,2,...,m;}. Define

Up)={i | Amin(@) > e, (s (@)/llsn (@)= > e ¥Vm, [|27(3)'2"[] < Vere2/2} N M.

By construction p € U(p). Moreover, the continuity of Z(-) and S(-) and openness of M implies that Z*(-)
and S*(-) are continuous and therefore U(u) is open. We now show that for every fi € U(u) there is & € R?
that satisfies the equality restrictions in Z* () and also the inequalities in S* (i) with slack. To formalize

this point, define

(A.5) Z=&(fi,p) =2 — Nz« (pyz™,

ﬂ7
where Nz« zy = Z*(i)(Z* () Z* (i) ~' Z*(f1)’ is well defined because Amin (i) > €1. Note first that, by

)
construction,

2705 = 27 ()5 — 27 () Np ya” = 27 (05" = 2 () 27 (0)( 2" () 2" (1) " 2 (3)a™ = O,

implying that the equality restrictions at Z*(ji) are satisfied by Z. Thus, we only need to show that the

inequalities in s}, (i) are satisfied with slack (after normalizing by its norm). To see this, simply note that

(s (B)/ s (WIN'E = (sp(@)/lls7 (@)@ = 27) + (s7, (8) /] 57, ()]]) 2
> (sp@)/lls (@) (# = 27) + €2
> —lsi(@/1lsi (WI)(& = 27)| + e2
2 —[l@ =2+ e

But

lE—a"ll = @z @@ 2 (@) 2 (@)

< tsqu H_l(W(Z*(ﬂ)'Z* (1)~ tw)' /2|27 ()™ |
= [1Z*(W)="||\/ Mmin ()
< (Vee/2V/e)

= €2/2.
This implies that s}, (@)’ > 0 for every m € {1,2,...,m;}. This shows that for every i € U(p), € R(i1).
To complete Step 1, notice that 2 = i/(i’ifli) € R(f1). By construction, z' is in the choice set of program
2.5 evaluated at fi.
Step 2 : Let the multivalued correspondence I'(-) : M — R™ be defined as the choice set of program (2.5).

We show continuity of this correspondence at p by showing that it is both lower and upper hemicontinuous.
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To establish upper hemicontinuity, pick any sequence uny € M s.t. uny — p and any converging sequence
zn € D(un) s.t. oy — z*. Consider any sign restriction s(uy). By construction, s(uy)'zy > 0. By
continuity of s(un), we get in the limit s(u)’x* > 0. Similarly, (z*)’S~1(2*) = 1 and for any zero restriction
z(p)'z* = 0. The set I'(u) is compact, so by Theorem 2 on p. 218 in Ok (2007), I'(+) is upper hemicontinuous
at u.

To establish lower hemicontinuity, consider any sequence uy € M s.t. uy — p and any point z* € I'(u).
Then, by Step 1, the elements of the sequence defined as

oy = #(un, 1)/ (@(pn, 1) ST 8 (0w, 1)

belong to I'(uy). By continuity of Z*(-) and ¥~! at u € M (implied by Assumption 3) and using the
invertibility of the matrices (Z*(u)’'Z*(u)) for N large enough ( implied by Assumption 2 ) we have
zn — z*. By Proposition 4 on p. 224 in Ok (2007), I'(1) is lower hemicontinuous. By definition, it is
continuous at p.

Step 3 : Let (0,p) = (U(u), p) be a metric space with Euclidean metric p(-). By Steps 1 and 2, the
choice set of the program in (2.5) is a non-empty, compact-valued, continuous correspondence at u. By the

Maximum theorem, see p. 229 in Ok (2007), Uy ; ;(-) is continuous at u.

Additional Notation: Consider any sequence puyn = (vecAn', vecX ')’ such that
pN =p+hy/tN,

where hy — h € R%, ty — oo and such that gy belongs to the parameter space M for N large enough. By
Step 1 there exists N* large enough such that the choice set of the program in (2.5) at py is non-empty for
every N > N*. Thus, Uy ; j(un) is well-defined for N large enough. Moreover, the continuity of the value
function established in Step 3 implies that we can assume that Ty, ; j(un) # 0 for N large enough. In fact,
it is without loss of generality to assume that Dy ; j(un) > 0 for N large enough.

Let X*(u) denote the argmax of program (2.5) at . By Theorem 1—and using the fact that vy, ; ;(u) #
0—X*(p) has a finite number of elements. Assume then that the argmax has L elements and denote them
as @ (1), 23 (), - - @ (10).

For each | € {1,2,...,L}, let 7/(u) denote the n x m;, matrix of all active restrictions at a solution
x} (). Likewise, let S;(u) be the matrix of dimension n X ms, that collects all slack restrictions at z (u).

Consequently, for each solution x; (u) there are unique matrices r; (1) and S () such that
P (1) = O 1y 57 ()] (1) > Oy 1
Define
R () ={ri (), r3 (), -y (1)}

Proof of differentiability: We establish the differentiability of the value function in two sub-steps.

Step 4: First, we show that

(A.6) max  {Op; ;i (p, v (p) h} <liminfty Uk, (UN) — Tk,i,5 (1)
(W) ER* (1) N—oo
PrROOF: Take any 7/ (n) € R*(u). By definition of r(u) all the columns of S(u) that are not contained
in r;(p) are slack (at p). Consider then the candidate solution z* (u, 7/ (u)). This candidate solution is
continuous at p (which follows from the formula in Lemma 1 and the fact that vy ; ;(u, 7/ (1)) = g i ;5 (1) >
0). Therefore, for N large enough this candidate solution % (un,7) (p)) is in the choice set of program
(2.5) at pn, which implies that
Vkiyi (NS 7] (BN)) < Vi (1)
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Hence, the inequality above implies that for any 7} (u) € R* (1) we have that

tN (ki3 (BN T (BN ) = Va5 (s 1] (1)) S EN (k5 (BN) — Dk i, (1))

Lemma 2 thus implies that for any r}(u) € R*(u),
Bk,ig (7] ()R < Himinf £y (T i, 5 (L) = Tk,i,5 (1),
N — o0

which establishes equation (A.6).

Step 5: Now we show that

(A7) limsup tn (Uk,i,5 (UN) — Uk,4,5 (1)) < max {0k,4,5 (1, rl*(,u))'h}.
N—o0 r (W) ER* (1)

PRrOOF: We prove the statement above by contradiction. So, suppose that (A.7) does not hold. Then, there
exists €g > 0 and a subsequence py, such that for every r(u) € R*(u),

(A.8) Ok,i,5 (17 (1) B4 €0 < EN (Tiyi,5 (BN, ) — Tkyiyg (10))-

We will show that assuming the existence of ¢p > 0 and a subsequence py, will lead to a contradiction.

Additional Notation: Let z7, be any element in the argmax of program (2.5) at - Let TN, (1) be
the matrix that collects all active restrictions at x}‘vk and let S;‘Vk (1N, ) be the matrix that collects all of

the sign restrictions that are slack at m*Nk; i.e, S’J*V’€ (,u,Nk)’x’]‘\,k > 0. Let

Ry(n) = {r € R(p) | vg,i,5(p5 (1)) > 0}.

Partition the set R4 (i) into the following four disjoint sets:

i) R*(n),
ii) The restrictions r(u) € Ry (pn)/R*(u) for which x4 (u;7(n)) belongs to X*(u),

iii) The restrictions (1) € R4 (u) that do not fall in neither i) nor ii) and for which some sign restriction

not included in r(u) is violated,

iv) The restrictions r(u) € R(p) that do not fall in i), ii), iii) for which @i (u,r(p)) is feasible but
Vi, (1, 7 (1)) < Vpeys,5 (1)

Proof of A.7): Note that the restrictions of Type i) cannot be satisfied by xjvk infinitely often. In other

words, there is no [ = 1,... L such that

P () = i (i), and S, (uny) = S7 ()

for infinitely many values of k. If this were the case, there would be a further subsequence N . for which
Ek,i,j(HNKT) = Uk,i,j(uNKT,rl(uNKT)). Thus, equation (A.8) would contradict the differentiability of
Vk,,5 (1, TL(R)).-

Restrictions of Type iii) cannot be satisfied infinitely often by z}‘vk This follows from the fact that if
r;‘vk (kg ) were equal to some 7(pn, ) for r(u) of type iii) infinitely often, then we could always find some
large k for which :c}"vk is the form x4 (un, ,7(UNy ). Such candidate solution will eventually violate a sign

restriction, contradicting the fact that x}‘\,k is in fact a solution.

Restrictions of Type iv) cannot be satisfied infinitely often by :J:*Nk. If this were the case, then we could

always find some large k for which
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Vi (7 () R+ 0 < tny (Tkyiyi (BN, ) — Tkyi,s (1))

(
=t Uk (N s (RN, ) — Dk,i,5 (1))
=ty (ki (g, TRy, ) — Vi, (s (1))

(
+ tny Wk, (B, L (R)) — Dk a5 (1))
(where 7(-) is some set of restrictions of type iv)). But the fact that (vkq, j(un,;7mi(1)) — Uks,5(1) < 0)

contradicts the definition of the subsequence py, -

Finally, we show that if r is a restriction of Type ii) it cannot be the case that
T, (BNy) = (k)
infinitely often. To establish this claim, suppose that there is a restriction r of Type ii) such that
r(un,) 2" (un,) =0
infinitely often. This means we can construct a further subsequence p Ny, for which (by Lemma 1)
Uk,i (BNpy ) = Vki,g (BN TN, ))-

Therefore, by equation (A.8) we must have that for every r/(u) € R*(u),

Ok, (1] (W) h+e0 < i,

+
~
2
S
<
x

7

|
-
2
el
£
<
ol
<
<
=
2
e
S
5
2
S
2
d
el
k)
—
=
|
<
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where the last line follows from the fact that r(u) is of Type ii) and, hence, leads to a candidate solution
x4 (p; (1)) that equals x} (1) for some I, which we will assume (without loss of generality) to be equal to 1.

The differentiability result in Lemma 2 implies that for every [ =1,...,L,

Opoi (377 (1) B+ €0 < B i j (s, (1) D
We show that this last inequality leads to a contradiction as we must have
(A.9) e, (177 (1)) 7 = D5 (s 7 (1) Do
To see this, note first that r} (1) must contain all the columns of r(u) as

r(w)'=i (1) =0,
and, by definition, r} () contains all the constraints that are active at ] (u). Thus, we can write 7} (1) as
ri () = [r(w), (1),

where 7(u) and 7(u) are linearly independent. Our formula for ¥y ; ; in Lemma 2 implies that (A.9) will
hold if the Lagrange multipliers corresponding to the constraints in 7#(u) are zero. To see that this is indeed
the case, note that by the argument used in the proof of Lemma 2, the Karush-Kuhn-Tucker conditions for

the program that only imposes r(u) as equality conditions (along with the ellipsoid constraint) imply that

Cr(A)ei = vgi (17 (W)E ™ 2y (57 (1)) + r(p)ws.
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The analogous conditions for the program that imposes ] (1) as constraints imply that
Cr(Aei = vij (i ri ()2 s (w571 () + 71 ().
Therefore—since by assumption @y (u; 7} (1)) = x4 (5 7(p))—it has to be the case that
r(pwr — ri(p)w] = Onx1.
Partitioning w} = [w} ;’, w*] ,]" according to r(u) = [r(u),7(u)], we have that
r(p) (w1 —wi 1) + F(p)wi o = Onx1.

Assumption 2 implies that the latter equality holds if and only if w1 = w] ; and wj 5 = 0. Therefore we

conclude that equation (A.9) must holds. This leads to a contradiction as €9 > 0 and
Dy, (377 (1)) R+ €0 < Op i, (577 (1)) B
Summary of Step 4: Step 4.1 showed that

max Va5 (s "R} <liminftyn (ks i — Vi g .
Tl*(u)ER*(u){ k,z,](“ 7 (1)'h} < N ~( k,z,J(NN) k,z,J(N))

Step 4.2 showed that

limsup tn (Ug,i,5 (N) = Tk,i,5(1) < {ok,i,5 (17 (1)) B}

max
N—oo r (W) ER* (1)
We conclude that

li t71 —72" = .1'7* ,h.
Jim i (Ok,i,5 () = Ui (1) T;(ur;ﬂea;*(u){vk, (] () R}

A.5. Proof of Theorem 3 Part a)

Let P denote the data generating process. For notational simplicity we write p instead of p(P) and Q

instead of Q(P) whenever convenient. Note first that

(A.10) P(A € [y;m-,j (1) — 21—a/2 Okyi it/ VT, Ty (BT) + 21— 02 gk,i,j;T/ﬁ:|)

is bounded from below by
P (VT (1) = 04y 0) € 21-aja G and = 2100 2Bigir < VTG () = T i),
which is itself bounded from below by
P(ﬁ(yk,i,j(ﬁﬂ—yk,i,j(ﬂ)) <21 _a/20k,05:m and —21_q 20k 1,50 < VT (ka5 (1) —Tk 0,5 (1), and [|VT (p—p)|| < Me>7

where M. is such that
P(llell > M) <e.

By Theorem 2, both v, ; () and Dy ;,; (1) are directionally differentiable function with directional derivatives
denoted by v, , j-u(')vik’i,jw(')' The directional differentiability implies that for any é > 0 there is T large
enough such that for any h € R? such that ||h|| < M,

-6 < ﬁ(ﬂk,i,j(lt + h/ﬁ) _Qk,i,j(ﬂ)) _Qk,i,j;u(h) <46

and
=6 SVT @i, (1+ h/VT) =V i j (1)) — ki jsu (h) < 6.
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Therefore, for T large enough

inf P()\ € |:Qk,i,j (1) = 21—ay2 Ok,i g /YT, ki (BT) + 21—a)2 Ek,i,j;T/\/TD
NeTR, (u(P))

is bounded from below by

P<5 + g u (VT (i — 1) < 21_ay2 Ok,i g7 and

—21—a/20k,i T < Ukyijin (VT (i — p)) — 6, and [|[VT (ur — p)|| < M€>,

which, by Assumption 4 (and using the continuity of the directional derivative), converges in distribution to

P(84 150 C(P) < 2102 0 and
21020 < ki (C(P)) — 6, and [|C(P)]] < M5)7

where o is the probability limit of Ekyi, §iT>

o= max |Uk;i(u;r) Qg i s ;r}.
Lo i) R (i)

Consequently, for every d > 0,

lim inf inf P(A € [yk,i,j (1) = 21—ay2 Oh,i g /T, Ui (BT) + 21—a)2 Ek,i,j;T/ﬁD
o0 AETR, (u(P))

is larger than or equal

1- P(yk,i,j;u(<<P)> > 21_aj2 0 - 6) - P(@,i,jm(c(m) < —apot 6)

S CGIEEAL

Take some x € X (u) for which o(x) = Vg ;5 (1 7(p; ) Qg 5,5 (13 7(11; £)) > 0 (one such = must exist by
the assumption of this theorem). The fact that ((P) is symmetric and using our formula for the directional

derivative of v, ; j we have that

P (810550 ) > 2100 =8) < P o0 ir () C(P) > 21-ap20 =)
< HD<N(0: 1) > Zl—a/Qﬁ - %)
< ]P’(N(O, 1) > 21 _ajz — %)

for any § > 0 (since o > o(x)).
Now, take some x € X*(u) for which & (x) = vk ;5 (1 (s 2)) Qog 5,5 (15 r(p; ) > 0. Note that

P(Brigan(CP) < =210 +00) < P(o0a (v () (P) < ~21-ap20 +9)
< lP’(N(O, 1) < le_ap% + %)
< lP’(N(O, 1) < —21 0+ %)

for any § > 0 (since o > o (z)). We conclude that for any ¢ > 0 and § > 0
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lim inf inf P(A € [Ek,i,j(ﬁT) = 21_ay20k,i 57/ VT, Uk (B1) + 21—a )2 3k,¢,j;T/\/TD
T—o0 XeZR, (u(P))

is bounded from below by

o (Zlfa/Z - %) - <_Zlfo¢/2 + %) - €

where ®(-) is the standard normal c.d.f. Since € > 0, § > 0 are arbitrary and ®(-) is continuous, the desired

result follows.

A.6. Proof of Theorem 3 Part b)

PROOF: We would like to show that for every € > 0,7 > 0 there is T*(¢,n) such that for T > T*(¢,n) we
have that

P(RBC(Y1,...,Yp)<1l—a—¢) <n.

We divide the proof into 5 steps.
Step 1 (Definitions of Me,y, d¢): Let ¢ be a Ny(0,Q(P)) random vector. For given € > 0,1 > 0 define
Me 5 € R as the scalar such that
P([[Cl] > Me,5) < min{e/3,n/4}.

Let ®(-) denote the standard normal c.d.f. Define éc > 0 to be any scalar such that

(21072 = be/a(n)) — ®(=21-a/2 + dc/a(1)) — (1 —a)| < ¢/3.

Such a scalar exists by the continuity of ®(-) and the fact that g(u) and &(u) are positive.
Step 2 (Definitions of Ar(€), Br(¢€),Cr(€)). Let

y' =(v,...,Yr)

denote the data. In a slight abuse of notation, let B'\T abbreviate Ek,i, j and let o denote the probability limit

of or. Define the events:

Ar(e,m) = {YT ‘ H\/T(ﬁT*#)||>Me,n}7
pr@ = {y7 | sw p (VI -G e BIYT)-FceB)|> 5]
BeB(R4) a 3
Cr(e) = {YT ‘ \E—a|>57‘}.
2z1-ay2

We will show that if the Robust Bayes Credibility of our delta-method interval falls below 1 —« — € then one
of the events above occurs a fortiori. We will then argue that our assumptions imply that the probability
of each of these events becomes arbitrarily small for large T' (implying the event in which the Robust Bayes
Credibility is below 1 — o — € happens with an arbitrarily small probability).

Note that the CLT for iy (Assumption 4) implies that for any € > 0 and any n > 0

(A11)  P(Ar(e,m) = P([Cl| > Me,n)-
The Bernstein von-Mises Theorem for p* (Assumption 5) implies that for any € > 0

(A12)  P(Br(e)) — 0.
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Finally, the definition of probability limit implies that

(A.13) P(Cr(e)) — 0.

Therefore, for any € > 0,7 > 0 there exists T4 (¢,n) such that for any T > T4 (€, n)

(A14)  [P(Ap(e,m) = P(KCI > Me)l < /4, [P(Br(e) <n/d,  P(Cr(e)) < n/4.

Step 3 (First order approximations of the bounds of the identified set). Let p denote the true parameter
and define 7, = VT (u* — fip) and Zp = VT(p — p). Let v(-) abbreviate vy.;,; () and, likewise, let v(-)
abbreviate vy ; ;(-). Note that

VT((u*) = v(ir)) = VT (u(p + 23 /VT + Zp /NT) = () = VT (u(p + 27 /VT) = v(w)).
The differentiability of v(-) at p (which follows from Theorem 2 and the fact that X.(u) is a singleton)
implies that whenever ||Z.|| < M. and ||Z7|| < Me there is Ta(e,n) such that for T' > Ta(e, ),
VT (u(n*) = v(ir)) = 8,(Z7 + Zr) = 0,(Z7)| = VT (0(*) = v(pr)) - 8, (Z7)] < 6e/2.

Analogously, we can find T3(e,n) such that for T > T3(e,n) we have

VT (@) = v(ir)) = 0u(27)| < Se/2.

Step 4 (Lower bound on the Robust Bayesian Credibility of a set). Define the posterior probability that
the bounds of the identified set are contained in our delta-method interval as

YTy =P: ([y(u*wwn c [y@T) — 21_aj2 O/VT, BET) + 21y E/ﬁ} |YT) .

Note that for every data realization
c(YT)y < RBC(YT),

which follows from the fact that for any (A, B) we have that A(4, B) € [v(u),v(p)]. Therefore for any € > 0
(A15)  PRBCYT)<1l-—a—-e <Pl(YT)<1l—-—a—e)
Thus, to establish Theorem 4 it suffices to show that for any € > 0

lim P(c(YT)<1—a—¢) =0.

T— o0

We establish such a result in the following step.

Step 5: We now show that for any € > 0, » > 0 there is T" large enough such that

Pc(YT) <1 —a—¢€) < P(Ar(e,n) U Br(e) U Cr(e)),

or equivalently, that
P(A%(e) N BL(e) N Cir(e)) < P(c(YT) >l—a—e¢)

for T large enough. We start by re-writing c(Y'T) as
P, ( — 21_ay20 <VT(u(p*) —v(ir)), and VT(@(p*) —v(ir)) < Zl—a/2;|YT)7
and noting that

(A16)  o(YT)>

Py (*Zka/zg < VT (u(p*)~v(ir)), and VI(W(u*)~0(ir)) < 21— a/20, and [[VT(n* —pr)|| < Mey

YT).
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Take T™*(e,n) = max{T1(¢,n), T2(¢,n), T3(¢,n)}. From Equation (A.16) and Step 2 it follows that

YT € A%(e,n) =

(A17) c(YT)> P} <le_a/23 < 0,(Z27)=6¢/2, and B, (Z5)+6¢/2 < 21_a)20, and || Z7]| < Mw,|YT)

for T > T*. In addition,
YT € CS(e)

implies that the right-hand side of equation (A.17) is larger than or equal
P:Z ( —Z1_q/20 < QM(Z%) — 8¢, and éM(Z;“) +6c < Zl—a/za and ||Z7|| < ME,W‘YT)

This means that for T' > T* (¢, n)
YT € AS(e) N CS(e) =

(A18)  e(YT)> P‘*L‘(le,a/QU <6,(Z7) =6, and Vu(Z7) +06e < 21_q/20, and ||Z7]| < Mw,|YT).
Define the set

B:{zeRd

— 21-a/20 < 9,(2) — b, and Upu(2) 4 6 < 21_q/20, and [[z]| < Msm}.

By definition, ©,(-) and Uu(+) are linear and thus measurable functions. This means that B is a Borel Set
(as it is the inverse image of a Borel subset on the real line under a measurable function). Consequently,

YT € A% (e,1) N B&(€) N CS(e)

implies that
COT) 2 B = 1aor 0,00 e and Q) 00 < 21-app0, and [ < My ) — /3

P( —QM(Q <2120 — 0, and  —21_4/20 + e < —@t(C)u and ||¢]| < Me,n) —€/3.

Note further that because the distribution of ¢ is the same as that of —¢ and because 9,,(-), Uu(+) are linear

functions (by definition of derivative) we have that

cy?) > ]P’(Q#({) < 21 ay20 —0c, and  — z1_4/20 + 8 <VL(C), and [[¢]| < ME> —€/3
> 1= P(2,00) > 5120 = 8 )~ B( = 21aja0 + 6 > 5u(0)) — 2¢/3
- 1 7IP<N(O, 1) > zl,a/Qj - g((;;)) 4@( - zl,am% + Ef;) > N(0, 1)) —2¢/3
> 1 7]P<N(O, 1)>2z1_a/0 — gi;)) 711»( —Zi_aj2+ % > N(0, 1)) —2¢/3
> @(zl,a/zf g‘z;)) 7¢<721,a/2+%) —2¢/3

> l1l—a—e.

Thus, we have shown that if T > T* (¢, n), then

YT € A (e,n) N BS(e)NCS(e) = c(YT)>1—a—c

This means that if 7" > T* (e, n), then
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P(c(YT) <l-oa- e) < P(Ar(e,n)) + P(Br(e)) + P(Cr(e))
< IP(Ar(e)) = P([CI > Men)| + (S]] > Men)
+  P(Br(e) + P(Cr(e)
< 4(n/4) (by equation (A.14)) .

Therefore, for any € > 0,7 > 0 there is T*(e,n) such that

P(RBC(YT)<l—a—-e <Pl(¥T)<l—a—e¢<n.

A.7. Implementation details
A.7.1. Bonferroni confidence set

This section describes the implementation of the Bonferroni-type method proposed by Granziera et al.
(2017). The following algorithm is a variation of the algorithm outlined on p.17 in Granziera et al. (2017).
There is one minor difference between the algorithms. To avoid dealing with degenerate D, we add Step 3.c
instead of implicitly adjusting the criterion function as proposed in Section 4.2 of Granziera et al. (2017). The
rate of the sequence o, guaranties that the additional noise o-€; does not affect the asymptotic distribution

Ofg(fg)~
1. Generate Np draws {MZ}ZJ,\Z ~ N (ﬁT,ﬁT) .

2. Generate N¢g grid points {xg};vil on a unit d—sphere distributed uniformly using the algorithm from
Uhlig (2005).

3. For every grid point x4, we implement the following statistical test (of size 1 — «/2) of whether

Big = /E\;/ng satisfies all identification restrictions. This is done by following steps a) to g) below.

(a) Compute estimated residuals??,
N ~ /
& = (' (ar), 2’ (pr)) Bug.
(b) Compute re-centered bootstrap residuals {g;b}ivj,
& * * ! x
6= (5 ()2 (4)) 551505,

(c) Add independent normally distributed noise with e, ~ N (0,1) and g = 1075/ /TIn(InT),

5;;5 = 5;;17 +tare.
N .
d) Compute standard errors for * B The diagonal matrix D/2 has the correspondin:
p 9;b S p=1 & p g
standard errors on the diagonal.

(e) Select binding inequities as inequalities corresponding to the components £ of &g such that

62[)71/259 <kp=196In(InT).

(f) Compute the criterion function G ({,) and {Q ( ;-b) }NB

b1 which includes only the equalities

21We only compute matrices (S’ (i), Z’ (iir)) V/ /E\T and (S’ (uZ) A (,uz))l \/ %} once to speed up
the costly matrix multiplication.
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and the binding inequalities, where

my ms+ms
(A19) G (&) =Z(62,j—1/2§;;b)2+ Z (e;[)—l/zé;b)zl{em—l/zsg <rr)
=1 L=m +1

Np

(g) Grid point x4 passes the test if G (§y) is less that 1 — /2 sample quantile of {g ( ;»b) }bfl'

4. If x4 passes the test in Step 3, compute A;gg ; and S\I(ngj as a/4 and 1 — a/4 sample quantiles of

N -
{e;Ck (A;) El’;zg}b:Bl correspondingly. Otherwise set A;f{z’j = +o00 and A;f,]z?,j = —o0.
5. Report
CS%SM (1—a)=| min AL ., max O
9=1,Ng ~Fi7 g=1,Ng "kt

Our implementation corresponds to a generalized version of the criterion function considered in Section 6
of Granziera et al. (2017). This generalized criterion function can potentially be applied to a combination
of zero and sign restrictions. In our baseline empirical application, however, the acceptance rate of Step 3
is so low that we could not find a single point out of 10000 grid points that would pass the test. For this
reason, we report the results for the alternative identification scheme with the zero restriction on the FFR
being replaced by a negative sign restriction.

The number of grid points that pass Step 4 of the algorithm depends crucially on the number of the
identifying restrictions imposed. In our experiment, every additional sign restriction reduces the acceptance
rate almost by half and, correspondingly, requires twice more grid points and computational time to achieve

the same level of accuracy. For the UMP example with 4 sign restrictions the acceptance rate is 9.1%.

A.7.2. Joint Confidence Sets

To implement Inoue and Kilian (2013)’s algorithm, we first sample 10,000 joint draws from the posterior
of reduced-form parameters and structural coefficients that satisfy all identification restriction. We use those
draws to compute 10,000 structural impulse response function. Second, we sample 20,000 draws of reduced-
form parameters to compute the marginal posterior density for each structural response. Third, we compute
a joint 68% credible set by keeping all of structural responses which have marginal density higher than the
lowest 32%. The second step is computationally costly. In our implementation it takes 2.5 hours when using

50 parallel workers in Matlab.
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